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Abstract—The major drawback of Spherical Near-Field (SNF)
measurements is the comparatively long measurement time, since
the scanning of a whole sphere enclosing an Antenna Under Test
(AUT) is required to calculate the Spherical Mode Coefficients
(SMCs) required for the computation of the far field. Since
the SMCs prove to be sparse under certain conditions, efforts
have been made to apply compressed-sensing techniques to
reduce the measurement time by acquiring a smaller number
of sampling points. These approaches have been successfully
tested in simulation using classically acquired measured data.
This decouples the measurements from practical problems, such
as basis mismatch due to the finite precision of the mechanical
positioner and environment effects. In this paper, results from
a sparse data acquisition performed with a physical system are
reported. To decouple the error introduced by the approach itself
from the error introduced by non-idealities in the measurement
system, an AUT is measured using both traditional near-field
sampling and compressed near-field sampling. The classically
acquired data is used both as reference and as source to simulate
a synthetic compressed measurement. The effects introduced by
real considerations are calculated by comparison between the
synthetic compressed measurement and the acquired one, while
the error of both is evaluated by comparison to the reference
measurement. The results further demonstrate the viability of
this method to accelerate SNF measurements and pave the way
for further research.

I. I NTRODUCTION
Spherical near-field (SNF) systems are commonly used to
make antenna measurements. They offer a simple and elegant
method of collecting data that can be implemented in a
relatively small space with robust and rapid transformation
algorithms that have been repeatedly validated over many
years [1], [2]. While SNF systems are appealing for many
reasons, the major drawback, compared to far-field systems
and compact ranges, is the long acquisition time.
In an effort to minimize the acquisition time, this paper
investigates the application of compressed-sensing theory to
SNF measurements. For many antennas, when mounted such
that they are centered on the axes of rotation, the Spherical
Mode Coefficients (SMCs) used for the computation of the far
field are largely sparse [3]–[5]. This sparsity allows the undersampling of the near-field surface relative to classical SNF
sampling and reconstruction of the SMCs using techniques
from compressed-sensing theory.
The approach the authors have taken has been to compute
the sampling matrix that, when applied to the measurement’s

bases (the spherical harmonics), delivers the minimum mutual
coherence for a specified number of measurement points [6],
[7]. An approach to further improve reconstruction without
increasing measurement time is to compute the measurement
path needed to reach these points with a mechanical positioner
and to take additional samples as the probe travels along
the path [8]. These methods have been validated through
simulations based on measured data: the SMCs of different AUTs have been calculated from classical equiangular
measurements and have been used, thereafter, to calculate
the AUT’s field at the positions described by the calculated
compressed sampling. The field values generated this way have
been used to reconstruct the SMCs using an `1 -minimization
program, SPGL1 [9], from which the far-field characteristics
have been evaluated and compared to a reference to assess the
sampling’s performance.
This approach, however, neglects several effects occurring
in real measurements, such as the sampling points not being
at the planned positions because of mechanical uncertainties,
reflections coming from the measurement chamber’s absorber
layout or, in the case of unshielded environments, reflections
coming from bare walls or other reflective surfaces. Most
of these effects can be included into one single term: basis
mismatch. In this work, the effect of basis mismatch on real
compressed SNF antenna measurements is described theoretically and evaluated through measurements. In Section II, the
related SNF theory is introduced. In Section III, the calculation
and implementation of the proposed compressed sampling
scheme are discussed. Further, some practical considerations
and the definition of basis mismatch are explained in Section
IV. Section V elaborates on the measurements performed,
their results and evaluation. Finally, conclusions are drawn
in Section VI, where the viability of the proposed method
is discussed.
II. S PHERICAL N EAR -F IELD M EASUREMENTS
The general probe-corrected transmission formula [1] describes the relationship between a measurement in spherical
coordinates w(A, χ, θ, φ) on the surface of a sphere of radius A enclosing the Antenna Under Test (AUT), the probe
response constants of the measurement probe Psµl (kA) and
the transmission coefficients, or spherical mode coefficients
(SMCs), Tslm :
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The angles θ and φ represent the rotation angles, the angle χ
describes the polarization i.e. the probe rotation angle and
l
the product Dµm
(θ, φ, χ) = ejmφ dlµm (θ)ejµχ represents the
Euler rotation of spherical waves or Wigner D-functions, and
acts as basis function, weighted by the SMCs. The summation
over s only accepts the values 1 and 2 and represents the
propagation of TE modes and TM modes, respectively. As
physical antennas are band limited, the summation over l can
be truncated using a band-limit constant B which, consequently, also limits the summation over m. The choice of:
B = [kr0 ] + L0 ,

(2)

with k being the wavenumber, r0 being the radius of the
minimum sphere that encloses the AUT and L0 being a
constant for accuracy, is supported in the literature. The term
[kr0 ] is the largest integer smaller than kr0 , and the choice
of L0 = 10 is typically made. The product [kr0 ] relates
to the highest spatial frequency that can be propagated by
an AUT due to its electrical size. Higher-order modes still
propagate, but they are highly attenuated and their contribution
is therefore negligible.
From (1) with the inclusion of (2), the total number of
existing modes N can be calculated as
N = 2B(B + 2) = 2B 2 + 4B.

(3)

The transmission formula in (1) can be rewritten in matrix
form:
w = Ψq,
(4)
with w ∈ CM representing w(A, χ, θ, φ), the measurement signal vector; Ψ ∈ CM ×N representing the product
l
(θ, φ, χ)Psµl (kA), the basis function and the probe reDµm
sponse coefficients; and q ∈ CN representing the SMCs. Interpreting this as a system of linear equations and considering
(3), a number of M = N measurements suffice to uniquely
solve the system. However, the typical equiangular sampling
used in most SNF measurements delivers a total number of
samples of
M = Mχ Mθ Mφ = 2(B + 1)(2B + 1) =
= 4B 2 + 6B + 2 > 2N,

(5)

being more than twice the strictly required samples.
The application of equiangular sampling matrices to (4)
is shown to deliver high-coherence matrices [7], [10], i.e.
many sampling points result in linearly dependent equations
of the system, further contributing to the inefficiency of this
sampling strategy. However, this sampling does deliver a wellconditioned problem [11] and enables the usage of solvers
based on the Fourier transform which, together with its ease
of implementation, make it the most commonly used sampling
strategy.
In this work, the application of a sparse sampling strategy
is investigated. The strategy aims at reducing the number

of measurement points M < N for radiating objects with
sparse or compressible SMCs. The focus is on reducing the
measurement time with respect to equiangular sampling and
on practical considerations, such as basis mismatch, and their
influence on the reconstructed results.
III. A C OMPRESSED S AMPLING S CHEME : M INIMUM
C OHERENCE S AMPLING
In (4), the transmission formula is expressed as a matrix
equation which can be interpreted as a system of linear
equations. In this sense and assuming all SMCs are non-zero,
the number of samples required to formally solve (4) is given
by (3). Furthermore, the SMCs are usually sparse. If the AUT
is centered in the coordinate system of the measurement, i.e. in
concordance with the basis function upon which the expansion
is centered, and oriented in a way that an electrical symmetry
or a geometrical symmetry in the radiation pattern with the
coordinate system’s axes is given, the SMCs’ sparsity is even
higher [3], [6]. This allows a formal solution of (4) with even
fewer measurement points M << N .
This being true, the position of the sampling points that
contain the information that allows reconstruction is unknown.
In compressed-sensing applications, random sensing matrices
are often used, since they satisfy the Restricted Isometry
Property (RIP), which ensures the robust recovery of sparse
signals [12], [13]. However, random matrices are, for various
reasons, not the ideal choice for practical SNF measurements
and certifying the RIP for deterministic matrices is proven to
be NP-hard [14], [15].
For this reason, another metric is chosen: the mutual coherence of the sensing matrix. Ensuring the sensing matrix
presents low coherence for the transformation basis function
improves the chances of each sampled point resulting in
the solution of a variable. Roughly, sampling matrices with
high coherence are more prone to degraded recovery performance. The reconstruction of the SMCs from the measurements is done by using an `1 -minimization-based basis-pursuit
program: SPGL1 [9].
A. Calculation of the Compressed Sampling Scheme
Assuming the matrix of the basis functions and probe
response coefficients Ψ = (ψ 1 , ψ 2 , . . . , ψ N ) ∈ CM ×N from
(1), its coherence is defined as
µ(Ψ) =max
i6=j

|hψ i , ψ j i|
.
kψ i k2 kψ j k2

(6)

The coherence is lower bounded by the Welch bound, defined
in context of correlation measurements of different signals
[16], given as
s
N −M
(7)
.
µ(A) ≥
M (N − 1)
The bound is difficult to achieve for arbitrary pairs of M
and N [17]. Moreover, the basis function in SNF measurements is the Wigner D-matrix, which depends on the angular
triplet (χ, θ, φ). The optimization of the coherence along

these three axes, however, is non-convex and, as such, NPhard. In [7], the minimization of the coherence for Spherical
Harmonics (SH) is discussed, considering only one inner
product of two columns. Since SH can be described as Wigner
D-functions when the polarization angle χ is neglected, it is
possible to relax the problem to the calculation of a minimum
coherence sensing matrix for SH. Assuming a measurement
signal with bandwidth described by the band-limit constant B
and a degree from 0 ≤ l ≤ B − 1, the lower bound is given
by the product of Legendre polynomials Pl (cos θ) with the
highest degree [7]:
µ(A) ≥

M
X

(a) Minimum-coherence sampling

PB−1 (cos θp )PB−3 (cos θp ).

(8)

p=1

This lower bound is, in principle, not contrived i.e. there is a
sampling scheme that achieves it [6]. Finding the points (θ, φ)
that minimize the mutual coherence of a SH sensing matrix,
though, still presents two problems:
• the retrieved points could be difficult to scan mechanically, which would increase measurement time; and
• the problem is non-convex.
A convexation of the problem is done by fixing a sampling
pattern on elevation θ with the distribution
2p − M − 1
for p ∈ [1, 2, . . . , M ].
(9)
M −1
The calculation of the corresponding pair on azimuth φ is done
by applying a pattern search algorithm:
cos(θp ) =

Algorithm 1 Pattern search
Initialization : θ, φ0 ∈ Rm as initial points , ∆0 > 0 as initial step size , standard
basis ei for i ∈ [m] , λ ∈ (0, 1)
for k = 0, 1, . . . until halting criterion do
if µ(θ, x) < µ(θ, φk ) for x ∈ Sk := {φk ± ∆k ei } then
φk+1 = x mod 2π
∆k+1 = ∆k
else
φk+1 = φk mod 2π
∆k+1 = λ∆k
end if
end for

Surprisingly, this semi-deterministic sampling pattern outperforms random sampling patterns in terms of reconstruction [10], verifying the gap between RIP and recovery guarantee [18].
B. Implementation of the Compressed Sampling Scheme
The proposed sampling scheme is based on minimizing
the coherence of the sensing matrix for SH, which does not
take the polarization χ into account. Following with classical
SNF theory and for practical purposes, only two 90 ◦ -rotated
polarizations will be considered i.e. χ only adopts the values of
0 ◦ and 90 ◦ . To equally distribute the contributions from both
polarizations across the whole measurement, an alternatingpolarization sampling scheme is adopted: each consequent
point on elevation θ is assigned a different polarization value
χ, dividing the initially calculated sampling scheme into two
different schemes, each taken with a different polarization. The

(b) Modified sampling

Fig. 1: Minimum-coherence sampling and its proposed modification for M = 100 and one polarization.
dissonance between the samples taken in each polarization is
normally not possible with classical solvers and is enabled by
the usage of SPGL1 for reconstruction. After dividing a sampling scheme calculated for M points into a sampling scheme
per polarization and calculating the path the mechanical positioner needs to follow for acquisition, it is suggested [8] to
modify the triggering to acquire more sampling points along
the scanning path, as shown in Fig. 1. The suggested sampling
step is the sampling step that would be taken when using
equiangular sampling. Although the added points acquired this
way will worsen the coherence of the sensing matrix, their
acquisition does not require any additional measurement time
and, despite redundant information, provide ‘free’ information
for the reconstruction.
For a minimum-coherent measurement scheme calculated
for a base number of measurement points M , the final
number of measurement points is much higher, though
requiring the same measurement time. It has been proven
that this approach greatly improves reconstruction and
allows for the choice of a lower number of base sampling
points M for a given reconstruction performance, thus
virtually either making measurements faster for a given
error or reducing error for a given measurement time
[8]. Regarding the choice of M , a rule of thumb when
this approach is followed has been calculated empirically
with numerical experiments and is shown in Table I. In
the table, the speed is an estimation of improvement to
equiangular sampling and the error has been calculated
as a linear difference between reconstructed and reference
radiation patterns. The number of points M , when related
to this scheme, always indicates the number of base points
used for the calculation of the scheme, without taking into
account the additional points acquired along the scanning path.
M
B
2B
3B

Mean Error
<−40 dB
<−50 dB
<−55 dB

Max. Error
<−20 dB
<−25 dB
<−30 dB

Speed
>250 %
>150 %
>100 %

TABLE I: Rule of thumb for the choice of the number of
samples M .

IV. P RACTICAL C ONSIDERATIONS

V. M EASUREMENT R ESULTS

In all previous works, experiments with the proposed compressed sampling scheme have been performed numerically
from canonically measured data. Nevertheless, the process of
acquiring the samples at the calculated probe positions and
reconstructing the SMCs from them does include several concerns that cannot be realistically factored in when numerically
generating the experiments from a set of valid SMCs. These
factors include:
• the mechanical uncertainty of the positioner system:
causes the points not to be acquired at the exact calculated
positions;
• noise: mathematically distorts the basis function and is
higher for measurements than for numerical experiments
calculated from measurement data, since the first transformation from the original measurements to SMCs already
acts as a filter;
• environment effects: such as direct and multipath reflections, distort the basis function in a different way
depending on the sampled point.
The contributions of all these effects are modelled, for
simplicity, in one single factor: basis mismatch.

To assess the impact of basis mismatch to real compressed
measurements, several measurements of an AUT are taken
in the same measurement facility: one, the reference, is
taken using equiangular sampling and three are taken using
compressed sampling schemes with different values of base
sampling points M . From the reference measurement, SMCs
are derived and used to numerically reproduce the radiated
field at the positions described by the compressed sampling
schemes. In this way, the performance of each compressed
scheme is evaluated numerically prior to measuring.
To evaluate the impact of mechanical uncertainty alone, the
simulated measurements are repeated distorting the sample
positions (θ, φ) and the polarization angle χ with random
disturbances within the mechanical uncertainty of the measurement system. The three compressed measurements taken
are evaluated and the reconstructed far-field data is compared
to the simulations generated with the reference. Through
comparison, the error introduced by actually performing the
measurement, modelled in this work as basis mismatch, is
evaluated and the error introduced by factors alien to mechanical uncertainty is estimated.

A. Basis Mismatch

A. Measurement Setup and Antenna Under Test

Basis mismatch occurs when the measurement signal’s basis
matrix is not exactly Ψ but Ψ̂, though Ψ is assumed for
calculations. Since the measured signal is sparse only in Ψ, if
the disagreement between both bases is high, the measured
signal could completely lose its compressibility and, thus,
its reconstructability from compressed sampling. Due to the
finite nature of digital systems, an argument is made for
basis mismatch always being present to some extent [19].
Formalizing the problem, let ŵ be a measurement signal
sparse over the basis matrix Ψ̂:

The measured data were acquired using a 6-axis robot to
trace the theta position [20]. The AUT was mounted on an
azimuth stage to handle the phi position. The AUT selected is a
planar slotted waveguide array operating at X-band, portrayed
in Fig. 2a. The structure is mostly circular with a diameter
of about 76 cm. The probe used is a WR90 open-ended
waveguide. The complete setup is shown in Fig. 2b. The
test frequency is f = 9.375 GHz and the AUT’s band-limit
constant is B = 85. The measurement is constrained to the
upper hemisphere and the measurement points are in the range
θ = [0, 90]◦ and φ = [0, 360]◦ . The measurement distance, i.e.
the radius of the measurement sphere is r = 0.5 m.

ŵ = Ψ̂q.

(10)

Assuming the basis function Ψ̂ is unknown and Ψ is assumed
instead delivers:
ŵ = Ψq̂,
(11)
where the SMCs vector is not the original anymore, but a
basis-mismatch distorted vector q̂. Solving this equation and
inserting (10) yields:


q̂ = Ψ† ŵ, q̂ = Ψ† Ψ̂ q = ∆q,
(12)
where Ψ† is the Moore-Penrose
pseudoinverse of Ψ and the

†
matrix ∆ = Ψ Ψ̂ is the basis mismatch factor between
the true SMCs vector q and the reconstructed vector q̂.
Ideally, Ψ̂ = Ψ and ∆ = IN . Since the contribution to basis
mismatch comes from different sources, it is complicated to
isolate them. In this work, the impact of basis mismatch
in real measurements using a compressed sampling scheme
is estimated by comparing the reconstruction of an AUT’s
far field from measurement data and data generated from a
canonical measurement in the same facility.

(a) Planar slotted waveguide array AUT. (b) 6-axis robot ’RAMS’.

Fig. 2: Measurement setup.
B. Reconstruction and Evaluation
To evaluate the theoretical performance of the applied
sampling schemes, the SMCs q of the AUT are calculated from
a reference measurement acquired using equiangular sampling.

•

•

•

a simulated measurement from a reference measurement
to estimate the performance of each compressed scheme
for the measurement of the chosen AUT,
a simulated measurement to assess the effect of mechanical uncertainties, where the basis functions Ψ̂ are
generated at points affected by the mechanical uncertainty
of the 6-axis robotic system and the reconstruction is done
assuming basis functions at ideal positions Ψ̂ as described
by (10) and (11), and
a real measurement as portrayed in Fig. 2b.

The SMCs reconstructed from simulated measurements
are used to calculate the AUT’s far-field pattern, which is
compared with the reference measurement to evaluate the
error. The far-field radiation patterns of these reconstructions
are shown in Fig. 3. Fig. 4 shows the result of evaluating
simulated measurements with distorted positions and includes
the estimated measurement speed gain, expressed as times
faster than an equiangular measurement. Comparing the error
bars for the case with and without distorted measurement
positions in Fig. 4, it is clear that, for the frequency of the
measured data, the error introduced by mechanical precision
alone is not critical. Unexpectedly, the mean error of the
sampling scheme with M = 255 is larger than for M = 170,
highlighting the different influence of the error of the acquired
sampling points for reconstruction. Mechanical uncertainties
become more relevant for higher frequencies, especially for
6-axis robotic systems, where their magnitude is inversely
proportional to the measurement distance [21].
The performance of the reconstructions from measurement
data is also evaluated and is shown in Fig. 6. In theory, whether
triggering continuously along the path or not, measurement
times should be the same, but the ability to acquire data
continuously in this fashion was not available on the test
system at the time of testing. So estimates of acquisition time
were made using the acquisition scheme containing only the
M base points. In Fig. 5, a cut of the reconstructed far-field
radiation pattern is shown and compared to the reference.
The reconstructed patterns show a degraded performance
and suffer greatly from the impact of practical effects. However, as seen in Fig. 5, the AUT’s main lobe is recognizable,
even if the cross-polar component, despite retaining shape,
is strongly overestimated. Moreover, outside of the mainlobe region, both polarization components are overestimated
and the noise floor is high. The estimated speed gains prove
to be slightly optimistic but are reasonably close to actual

measurement times.
The theoretical data shown in Fig. 4 was compared to a
reference measurement performed under the same conditions.
The difference between the predicted and obtained results
stems, principally, from the environment’s reflections. A classical equiangular measurement achieves a precise reconstruction
because the modal information is, for the most part, correctly
discriminated and reflections are partially filtered thanks to
the scheme’s oversampling. In a compressed measurement,
however, the additional information caused by reflections
modifies the basis functions and adds ambiguity to the system,
thus increasing error. As seen in Fig. 6, the error decreases
with a larger number of samples, but the maximum error only
improves slightly and is limited by the reflective environment.
VI. S UMMARY AND C ONCLUSIONS
A directive AUT has been measured using compressed
sampling schemes in SNF with a 6-axis robot in an unshielded
environment. By comparing the results obtained by numerical
simulations, the performance degradation to this method due
Normalized Radiation Pattern, φ = 45◦
Amplitude (dB)

The basis functions Ψ are thereafter calculated at the desired
sampling points and, by applying (4), a simulation of the
measurement w is generated, from which the reconstructed
SMCs, q̂, are estimated. With this method, the reconstruction
is performed with independence of mechanical uncertainties,
since the test points are generated at the exact positions up
to numerical precision. Compressed sampling grids consisting
of base number of points M = B = 85, M = 2B = 170
and M = 3B = 255 are considered and, for each case, three
different data sets are generated:
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Fig. 3: Far-field radiation patterns reconstructed from simulations with compressed sampling schemes.

Fig. 4: Performance of compressed sampling schemes with
different values of M based on simulations: with and without
mechanical uncertainty considerations.

to practical factors has been evaluated. Although the influence
of mechanical uncertainties is not critical for the frequency
measured, other factors contributing to basis mismatch, especially reflections in the measurement environment, including
the measurement system itself, prove to have a strong impact
on the performance.
The robustness and performance of compressed sampling
schemes in SNF measurements is poor in unshielded environments and must be assessed in controlled test environments. The adoption of denoising reconstruction methods to
mitigate the problem for unshielded environments shall be
researched. Still, depending on the capabilities available and
the requirements, sparse reconstruction can support early-stage
development testing for a fraction of the measurement time
needed for complete SNF measurements.
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