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Abstract—A maximum determinant sampling grid (MDSG)
presents a fully determinant non-redundant sampling grid for
spherical near-field antenna measurements which can be effi-
ciently measured using robot-based antenna measurement sys-
tems. Although the position of the sampling points is determined
by the sampling grid, the sequence of data acquisition can still
be optimized to reduce measurement time. A new trajectory
optimization approach is proposed which reduces sharp curves
in the path at the cost of a longer total path length. It is shown
that this approach significantly increases the average path speed
and reduces the measurement time compared to an optimization
for the shortest path. Furthermore, the acquisition of additional
sampling points on the resulting the path is investigated, allowing
for lower-order MDSGs without sacrificing accuracy of the
transformation results. As a result, this combination would allow
to reduce the measurement time by almost 60 % compared to
conventional equiangular measurements.

Index Terms—antenna measurements, near-field, robotics,
maximum determinant sampling.

I. INTRODUCTION

Robots are nowadays used in many industry branches
due to their high flexibility and accuracy. However, in the
field of antenna measurements, robot-based systems are still
scarcely used, and the application is mostly limited to research
institutes and universities. The main advantage of robotic
measurement systems is that they allow the measurement of
conventional sampling grids, but in addition provide an effi-
cient way to implement irregular sampling grids [1]. Besides
classical radiation pattern measurements, robot-based systems
also enable new applications where spatial constraints make
the use of conventional methods impossible, e.g. by flexibly
adjusting the measurement trajectory [2].

Nevertheless, these additional degrees of flexibility also
present new challenges in achieving the same accuracy as
conventional measurement ranges and introduce further un-
certainties into the measurements. One issue is the alignment
of the probe antenna and the antenna under test (AUT),
which becomes more complex due to the additional degrees
of freedom [3], [4]. Another problem is the limited absolute
accuracy of the robot which can be compensated by a feedback
loop using a laser tracker [4], or by incorporating the non-ideal
positions and orientations using pointwise probe correction
during the transformation [5].

One irregular distribution of measurement points is the
so-called maximum determinant sampling grid (MDSG). It de-
scribes an optimized grid with a minimum number of sampling
points and, subsequently, a minimal amount of oversampling
for a stable transformation. Using such a grid instead of
an equiangular grid allows to reduce the measurement time
without a loss of accuracy, if it can be measured efficiently.
Robotic systems are particularly suitable for this task, as
they allow to implement such irregular sampling grids using
continuous measurement trajectories.

In II, the MDSG as well as the robotic system used for the
measurement are introduced. Besides the ability to measure
continuously, the trajectory with which the sampling points
are acquired significantly affects the measurement time. This is
discussed in IIT together with an approach to optimize the path.
Furthermore, the possibility of improving the measurement
results by the acquisition of additional sampling points (ASP)
on the path is described. Finally, the resulting measurement
path is presented in IV and compared to a shortest path
optimization approach. Additionally, the effect of ASP on the
accuracy of the transformation results is analyzed.

II. IRREGULAR MEASUREMENTS

The most commonly used sampling grid for spherical
near-field antenna measurements is the equiangular grid. It
uses an equiangular point distribution in 6 and ¢ which states
a well-conditioned problem and enables fast transformation
methods such as the Fourier method [6]. However, it is
oversampled with approximately twice the number of required
sampling points. While oversampling might improve the sta-
bility of the transformation to far field, it also significantly
increases the measurement time. Therefore, alternative sam-
pling grids, e.g. thinned equiangular or spiral grids are used
to reduce the number of sampling points, but they still require
approximately 20 % of oversampling for a stable solution [6].

A. Maximum Determinant Sampling Grids

In contrast to the established sampling grids, the MDSG
represents a maximally large determinant point distribution
on the sphere. This point distribution leads to practically
no oversampling with respect to solving the spherical mode
expansion of an electromagnetic field and, therefore, represents
a very efficient sampling scheme. The Voronoi diagram of



a MDSG for N = 11 modes is shown in Fig. la and
visualizes the optimized distribution of sampling points, so
that each point covers an almost equal surface area of the
sphere, however, resulting in an irregular point distribution
in 6 and ¢.

This irregular distribution has two issues. First, it is not
possible to use the efficient Fourier-based transformation
approach, i.e. the transformation matrix has to be solved
using iterative methods or by a direct matrix inversion ap-
proach. Fortunately, the computational complexity is reduced
since MDSGs are non-redundant, provide a well-conditioned
problem and, therefore, a stable solution [1]. Second, program-
ming classical positioning systems, such as a roll-over-azimuth
positioners, to continuously implement MDSGs can be diffi-
cult or impossible. Although a stepwise measurement might
still be possible, it turns the advantage of saved measure-
ment time into the opposite. Nevertheless, robot-based an-
tenna measurement systems allow to exploit the potentials
of MDSGs, since the irregular point distribution can be ef-
ficiently sampled, e.g. using spline-based trajectories.

B. Robotic Measurement System

The robotic measurement system developed at the Institute
of High Frequency Technology (IHF) at RWTH Aachen Uni-
versity is depicted in Fig. 1b. It consists of a 6-axis industrial
robot arm and two additional axes, specifically a rotation axis
mounted on the slide of a linear axis. The robot arm is used
to position and orient the probe antenna relatively to the AUT,
while the additional axes position the AUT in the optimal
working space of the robot depending on the measurement
distance. Currently, the test range is operated from 60 GHz
to 90 GHz.

For equiangular measurements, the ¢-rotation is usually
stepped by the additional rotation axis, while the robot arm
scans continuously in 6. Therefore, this scheme is comparable
to roll-over-azimuth positioners, where each axis is responsible
for varying the respective measurement coordinates. However,
the AUT can also remain static while the robot arm positions
the probe in 6 and ¢, which enables measurements of irregular
grids within a single trajectory. The MDSGs are realized
by a combination of both schemes, where always the same
quarter of the measurement hemisphere is sampled with the
robot before the rotation axis moves to the next quarter. This
reduces the risk of collisions and also minimizes cable bending
effects [1].

III. ROBOT PATH OPTIMIZATION

In addition to canonical movements such as linear or
circular paths, robot-based systems also allow spline-based
trajectories. In the latter, only the support points of a spline
are defined, so that the robot controller can optimize the
path through all support points, and in particular between
all support points, for example with regard to the highest
possible path speed. Although the actual path is crucial for
many applications, this approach is feasible for antenna mea-
surements since measurement data is only collected at discrete
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Fig. 1. Exemplary illustration of a MDSG of order N = 11 with a picture
of the robot-based measurement system developed at IHF.

sampling points. Moreover, since these sampling points are
known to the robot controller before the measurement starts,
the native trigger functionalities of the controller can be uti-
lized, which provide a higher trigger accuracy in comparison
to canonical movements [1].

A. Modified Traveling Salesman Approach

While the positions of the sampling points are defined by
the MDSG, the measurement sequence of these points can be
optimized to allow for higher path velocities. Previously, a
traveling-salesman (TS) approach has been used to calculate
a measurement sequence providing the shortest closed-loop
path through all sampling points. Nevertheless, this path is not
optimal, as it may contain sharp curves that require the robot
to continuously accelerate or decelerate in order to traverse
the given sampling points as accurately as possible.

Therefore, a modified approach is introduced, where the
objective is not minimizing the total path length but to allow
for wider curve radii within the trajectory, denoted as WCR in
the following. The first change is that edges consist of three
points instead of two to be able to define a spline which con-
nects the three points. The weights are then changed from the
euclidean distance to the maximum change of the orientation
of the tangent along the path which can be described by

f = mtax |5(tang(t)| (D

with
Xtang (t) = x(t) X X(1). 2)

Here x(t) is the vector of the parametric description of the
spline for each coordinate through the three edge points. The
direction of the tangent is given by the cross-product of the
position vector of the point and the gradient %(¢), assuming
that the probe is always oriented towards the AUT. The splines
are generated using the cscvn function in MATLAB which
generates a cubic spline curve. Although the robot controller
calculates a fifth-order spline through all support points, this
is an acceptable approximation for optimizing the resulting
curve radii.



In order to reduce the computational complexity, not all
possible combinations of three points are considered. Edges
are constructed only between points that are in the same
neighborhood or within a specified Euclidean distance, re-
spectively. This distance is empirically defined as twice the
minimum distance d,,;, between any two sampling points
of the measurement grid. A larger distance might lead to a
smoother path but increases the computational complexity.

The resulting mixed-integer linear program can be formu-
lated as

m)zn fTx

subject to values of x are integers

Ajeq - x < 02 Nex1 3)
Acq X = 13.Np><1

ONexl S x S 1Ne><1

with f € RN being the weights vector, N, the number of
edges, and N, the number of points. Moreover, additional
constraints are introduced to ensure a valid path. If the
edge (P;, Piy1,P;y2) is part of the solution, there has to
be exactly one edge with the sequence (P,,P;, P;11) and
one edge with the sequence (P;i1,P;i2,Pn), where P,
and P,, represent arbitrary points which are neighbors of
the adjacent point in the edge. This condition is enforced
by introducing inequality constraints for each edge. One
condition represents one row in Ajq € 72NexNe  where
the value for the edge itself is set to 1, while all values
for the edges which fulfill (P,, P;, P;11) are set to —1. The
condition for (P11, Piy2,Py) is set accordingly. Further-
more, each point has to be start-, middle-, and end-point
of an edge exactly once, which is enforced by introducing
equality constraints Ao, € Z3N»*Ne, For the start and end
point, dummy edges with (P, Py, Pstart)/(Po, Pstart, P;) and
(P;, Pstops Po)/(Pstop, Po, Po) are added. The last condition
in (3) forces the values in z to be binary. The problem is
solved using the intlinprog function in MATLAB.

Since a continuous measurement path is preferred, possi-
ble subtours are excluded as a solution to the optimization
problem (3). Therefore, after a solution to (3) is found, the
number of subtours is identified and new inequality constraints
are introduced to prohibit the combination of edges which led
to the respective subtour. The procedure is repeated iteratively
until a valid solution without subtours is found.

B. Additional Sampling Points on the Resulting Path

The spatial distribution of sampling points given by
a MDSG is more widely distributed than, e.g., in equiangular
measurements. As a result, the measurement equipment may
not be operated at its maximum speed. In order to exploit
the performance potentials of the measurement equipment,
it is therefore possible to record ASP on the movement
path calculated in (3). Therefore, position and orientation of
the ASP are not determined by the MDSG, but due to the path
which is optimized by the robot controller. The ASP are, thus,
not optimized with respect to the electromagnetic problem,

but with respect to the ideal operation of the robot. Hence,
the acquisition of ASP does not increase the measurement
time, but their information content contributes to a more robust
solution of the MDSG.

The acquisition of ASP is implemented in the robot control
software. A trigger distance dyig is defined as half of the
minimal euclidean distance between any two sampling points
of the MDSG. Therefore, at least one ASP is measured be-
tween two sampling points of the MDSG. To avoid generating
additional trigger signals while the measurement equipment
is still active, the ASP are only collected if the distance to
the previous and next sampling point of the MDSG is larger
than dyyig.

IV. RESULTS

The trajectory optimization approach is tested for MDSGs
of order N = 27 and N = 34, by tracking the robot path as
well as the sampling point positions of the MDSG and ASP
for a measurement radius of 200 mm. For comparison, the tra-
jectories for the TS-based optimization approach are measured
as well. As a reference, an equiangular grid with a stepsize
of Af = A¢ = 5° is used, which corresponds to a sampling
with N = 35 modes. In a second step, the transformation
results with and without ASP are compared to the reference
data. This analysis is based on simulated field values in order
to focus on the MDSG and ASP without disturbances due to
uncertainties of the measurement.

A. Trajectory

The path for one quarter of a MDSG with order N = 27 is
shown in Fig. 2 for the previously used TS-based approach and
the proposed WCR-optimization. It is shown that the path of
the WCR-approach is smoother with less sharp curves, leading
to an increased average path speed of 23 percentage points and
a more uniform velocity profile.

A comparison of the number of sampling points related
to the measured hemisphere, the measurement time, and the
relative path length is given in Table I. It is shown that the total
number of sampling points for the transformation can be more
than doubled by the acquisition of the ASP, without increasing
the measurement time. Since the path points are closer together
for the TS-optimization, a smaller diz was calculated which
leads to more ASP. To maintain comparability of the mea-
surement times, the velocity profiles of the measurements were
chosen to a constant trigger rate of two triggers per second, for
both, the equiangular and the MDSG measurements. For both
MDSGs, the measurement time for the WCR-optimization is
reduced by more than 10 % compared to the TS-optimization.
The higher path speed is, thus, outweighing the longer path
length. Compared to the equiangular measurement, however,
both MDSGs allow a significant reduction of the measurement
time.

B. Simulations

It has already been shown in [1] that measurement results
for a MDSG without ASP are comparable to reference data



(a) TS-based approach resulting in an average path speed of 52 %.

(b) WCR-optimization resulting in an average path speed of 75 %.

Fig. 2. Measurement paths for a MDSG of order N = 27. MDSG sampling points and ASP are indicated by blue circles and black crosses, respectively.
The path velocity is color coded with green representing higher speeds than red. The average path speed is specified relative to the set maximum speed.

TABLE I
COMPARISON OF DIFFERENT SAMPLING GRIDS

Measurement Points Path Length tmeas
Grid ASP rel. (%) abs. rel. (%)
Equiangular (5°) 2736 0 100 45:36 100
MDSGsy (TS) 1224 2446 57.2 30:02 65.9
MDSG3q (WCR) 1224 1725 66.9 25:22 55.6
MDSGa7 (TS) 776 1524 453 21:10 46.4
MDSG27 (WCR) 776 1106 53.4 19:02 41.7

obtained in a compact antenna test range (CATR). In order
to analyze the effects of the ASP on the transformation
results isolated from measurement uncertainties, the following
analysis is done based on simulations.

In order to calculate the field values at all sampling points,
the well-known spherical transmission formula [7]

w(r,x,0,¢) =v Z Tomne'™d},,, (0) €X Py (k) (4)
STII:LLn

is used, where w describes the probe’s received signal at given
spherical coordinates (r, 8, ¢) and a polarization angle Y.
The term v describes the stimulus signal, and T%,,, and
Ps,n the AUT’s transmitting mode coefficients and the probe
response constants, respectively. The orientation depending on
the spherical coordinates is taken into account by the rotation
operators €™, ¢/#X and d,, (0).

Here, T§,., are calculated from CATR reference measure-
ments of a WR-12 standard-gain horn antenna, truncated
to N = 34 modes according to N = |krmin| + 10 for
f = 90 GHz. Since P, and T, are known, the probe’s
received signals can be calculated for the actual sampling point
positions which has been determined by measurements.

Afterwards, the AUT’s transmitting mode coefficients are
determined again using the calculated probe signals at the

aforementioned measurement positions. Due to the irregular
nature of the grid, the transmission formula has to be solved
directly instead of using the FFT or FFT/Matrix method [8].
The transmission formula written in matrix form is described
by

w=®q 4)

where w € CF is the vector of L measurements w, q € C” the
vector of spherical mode coefficients T,,,, and ® € CL*/
the transformation matrix including the probe coefficients. For
the calculation of the AUT modes (5) has to be inverted. Since
the problem is overdetermined, the solution is found using a
least squares approximation.

A comparison of the simulated far-field pattern with and
without ASP to the CATR results is shown in Fig. 3.
Since the MDSGo7 is not sufficient to characterize an AUT
with N = 34 modes, the differences in Fig. 3a between
the CATR results and the MDSGo7 are expected. In particular,
the nulls, sidelobes, and also the enlarged truncation errors
prove that the reconstruction of the pattern fails. However,
once the ASP are introduced, the errors vanish as demon-
strated in Fig. 3b. The only differences which remain are for
|6] 2 80°, which are due to truncation effects.

Furthermore, the simulated average and maximum equiva-
lent error signal (EES) with and without ASP is summarized
in Fig. 4 for several MDSGs (WCR). It shows that the EES
obtained for a MDSGg35 can be maintained by reducing the
order down to a MDSGgs, if the ASP acquired during the
measurement are considered in the transformation. Moreover,
the EES even improves if the ASP are used, most likely due
to oversampling. One possible reason for the decreasing EES
between 29 < N < 35 could be that the probability for
well-located ASP increases if the MDSG is less densely
sampled. However, for N < 29, the EES begins to increase
rapidly, suggesting that the lack of information due to the
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Fig. 3. Comparison of the transformed far-field pattern using MDSGg7 with and without additional sampling points to a reference measurement performed

in a compact range for f = 90 GHz.
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Fig. 4. EES depending on the order of the MDSG with and without ASP.

reduced-order MDSG cannot be compensated anymore by the
acquired ASP.

V. CONCLUSIONS AND OUTLOOK

The measurement time in spherical near-field antenna mea-
surements can be significantly reduced, if irregular sampling
grids can be measured efficiently. A further reduction is
possible if ASP are acquired on the resulting path, without any
effects on the robot’s path velocity nor the measurement time.
Acquiring ASP would allow measuring MDSGs of lower order
than required and even to improve the transformation results
due to oversampling. With this approach, the measurement
time could be reduced by almost 60% compared to the
equiangular case without sacrificing accuracy.

One possible area of improvement with respect to the path
generation is to include the path length in the cost function

to give the possibility to weight between curvature radius
and path length. This could further reduce the measurement

time. In addition, the simulation results must be validated
by measurements. This requires an additional post-processing
step because the orientation of the probe cannot be ensured
for the ASP. Instead, the actual orientation determined by the
spline-path calculation of the robot controller must be taken
into account, which requires a pointwise probe correction.
It has to be investigated how these differences as well as
the uncertainties due to the measurements are effecting the
quality of the transformation results. Nevertheless, the concept
of using MDSGs in combination with ASP on the path is
promising for significantly reducing the measurement time
compared to equiangular measurement as well as to the default
MDSG measurements.
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