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Abstract—There are several applications that require the Fourier 

transformation from data obtained on a regular polar grid to a 

regular sine-space grid, and one of these is the processing of 

plane-polar near-field data. The most common approach to this 

task is to interpolate from the polar grid to an X-Y grid and then 

use the conventional 2D Fourier transform. 

This paper revisits an alternative algorithm, referred to herein as 

the polar-coordinate Fourier transform (PCFT), for doing the 

same transformation from polar input to a regular sine-space 

output grid. This PCFT has some advantages when processing 

data undersampled in their angular phi spacing, and appears to 

offer the possibility of probe correction without having to 

counter-rotate the probe. 

The process of the PCFT is similar to that of the conventional 2D 

Fourier transform. These two processes are compared. 

Rather than interpolating the polar data to the X-Y grid, the 

PCFT starts with a 1D transform along each diametric spoke of 

the polar wheel. Each spectral output is then rotated by the 

corresponding phi angle and interpolated to a common sine-space 

output grid. If probe-pattern correction is needed for a probe 

with no extra roll axis, then a notional approach is also described. 

Index Terms— plane-polar, probe correction, planar near-

field transformation. 

I. INTRODUCTION 

Planar near-field (PNF) measurements and processing take 
data sampled on a plane and produce the corresponding far-
field antenna patterns [1]. By far the most common PNF 
approach is to sample the data on a regular grid in x and y, 
illustrated in the left plot of Figure 1.  In that Cartesian 
approach, the 2D fast Fourier transform (FFT) of each 
measured data set (frequency, probe port or orientation, 
antenna-under-test (AUT) channel, AUT beam state, etc.) is 
computed, producing the coupling product between the AUT 
and probe on a regular grid of Kx and Ky components of the 
Poynting vector K. The measured data represent a spatial 
convolution of sorts between the AUT and probe, such that the 
FFT output represents the coupling product of the two 
antennas’ K-space spectra [1][2][3][4]. Probe-pattern correc-
tion is then performed [1] as an approximate division of the 
coupling product by the known plane-wave spectra (PWS) of 
the two probe ports or orientations, along with separation into 
the two desired polarization-vector components. 

 

Figure 1.  Sample positions in Cartesian and plane-polar 

scanning. 

The plane-polar acquisition geometry, illustrated in the 
right-hand plot of Figure 1. , can be (and is) also used for PNF 
measurements [1]. The most common approach used in 
processing plane-polar data is to interpolate the polar data to a 
Cartesian grid and then proceed with Cartesian processing.  

An alternative algorithm for plane-polar processing was 
published in 1992 [5], and one intent of this paper is to clarify 
the algorithm and bring it to a larger audience. We will call this 
algorithm herein the polar-coordinate Fourier transform 
(PCFT). This algorithm has been used numerous times since 
then toward imaging the plane-wave-spectral content of the 
field incident on a quiet zone [6]. It was also successfully 
applied in computed-tomography imaging [3][7] (which 
requires the use of a polar-coordinate Fourier transform), 
specifically looking at the impact of coarse angular spacing. 

Another alternative algorithm [8] was introduced in 2022 
that also bypasses the interpolation of the measured data from 
the polar grid to the Cartesian grid. The algorithm in [8] takes a 
fundamentally similar approach and appears to have some 
advantages, but supports neither generalized probe correction 

without a probe counter-rotation nor coarse  spacing. It is 
mentioned here for completeness. Where the PCFT does 1D 
transforms along the linear dimension, the algorithm in [8] does 
its 1D transforms along the angular dimension. 

The physics phase convention of e-i(t - K•R)
 is followed 

herein. This convention was chosen primarily because most 
standard FFT algorithms use that convention, but also because 
PNF theory [1] is usually described that way. Since most 
instrumentation provides phase in the engineering phase 



convention, those data would need to be conjugated before and 
perhaps after the algorithms described here. 

Section II states the primary motivations for reinvestigating 
the PCFT. Section III describes the PCFT algorithm, 
comparing it to the similar 2D FFT. Section IV compares 
PCFT spectral-estimation performance with polar input to that 
of the 2D FFT with Cartesian input. Section V provides some 
insight into the traditional polar-coordinate sampling limits and 
the PCFT's response when those limits are exceeded. Section 
VI suggests a notional but untested algorithm for generalized 
PCFT probe correction when the probe does not counter-rotate 

the AUT- rotation. Section VII presents conclusions that 
summarize the findings. 

II. MOTIVATIONS 

A. Coarse  Spacing 

Interpolation from a regular plane-polar grid to Cartesian 
X-Y requires that there be no aliasing during that interpolation. 
As Figure 1. suggests, aliasing along the radial dimension can 

readily be avoided by using a fixed radial spacing < /2. 

Determining the full-resolution angular  spacing  is 
typically based on the largest radial extent R0, or minimum-
cylinder radius, of any radiating source from the z axis. To 

attain full resolution, that  needs to be small enough that the 

maximum change in distance between any two adjacent  
samples from any point source within that AUT volume is 

</2. This generally equates to a full-resolution  (in radians) 

 /(2(R0+))[8].  

B. Probe Correction 

One potential drawback of the other approaches [1] [8] to 
polar PNF is that generalized probe correction cannot be 
performed unless the probe either has a rotationally symmetric 

pattern or counter-rotates the AUT  axis. The conventional 
PNF probe correction [1] requires that the probe undergo a pure 
translation in the AUT's coordinate system. This extra roll axis 
is beneficial but not required with the PCFT. (This alternative 
probe correction has not been validated, but the concept 
appears to be sound.)  Section V outlines a high-level algorithm 
for potentially doing that probe correction within the PCFT. 

III. THE PCFT ALTERNATIVE FORMULATION 

To understand the PCFT described herein and in [5], it may 
be helpful to first describe the conventional 2D FFT in similar 
terms. 

A. Fourier-Transform Properties  

There are numerous Fourier-transform properties [2][3][4] 
that are helpful in understanding algorithms where that 
transform is used. A small subset of those is exploited here, and 
those are very briefly described (relative to the continuous 
spatial domain being sampled). Note that these properties 
generally apply either in the continuous spatial and spectral 
domains or the two sampled domains. Because it is a 
continuous PNF field that we're sampling in this discussion, 
and because the locus of sample points fed to an FFT differs 

between Cartesian and plane-polar, both nomenclatures are 
relevant.  

The  symbol below denotes a transform pair, with the 
function on the left going through the forward transform to 
produce the function on the right. 

Linearity and superposition: 

If f1(x,y)  F11(Kx.Ky) and f2(x,y)  F2(Kx.Ky), then 

af1(x,y)+bf2(x,y)  aF1(Kx.Ky) + bF2(Kx.Ky). 

Separability (illustrated in Figure 2. ): 

If f(x,y) = f1(x)f2(y), then F(Kx.Ky) = F1(Kx)F2(Ky). 

Translation (yields phase slope over output spectrum): 

(x-a)  e-iaKx, and thus  

(x)  1(Kx) and (y)  1(Ky). 

Coordinate (but not polarization) rotation:   

If the x-y coordinate system is rotated about z by an angle 

, then the transform’s Kx-Ky output axes will be rotated 

about Kz by the same  angle. 

Figure 2. illustrates the separability and coordinate-rotation 
properties of the 2D transform, where Figure 3.  shows the 
corresponding Caretesian inputs to the 2D FFT. We see in 
Figure 3.  a single cut along the X axis, and then another cut of 
about the same length where Y = X (sampled on the same 
Cartesian grid).  Figure 2.  on the left demonstrates the separa-
bility property, where sampling of a truncated uniform field 

over X and Y along the line impulse (y) yields a spectrum that 
is a varying function of Kx, but at each Kx value is constant 
along Ky.  Figure 2.  on the right demonstrates the rotation 
theorem, where sampling the same field but on a line impulse 

rotated by =45, or (x-y), yields the same spectrum (when 

periodically extended) rotated by . 

 

Figure 2.  2D FFTs of single scans along X ( = 0) and 

X=Y ( = 45). 



 

Figure 3.  FFT Inputs yielding Figure 2.  

B. The 2D FFT Algorithm 

Most 2D FFT implementations use row-column decom-
position [3], and that formulation is shown in (1). The order of 
the two sums is not constrained, but for this discussion we will 
assume that n1 is the x dimension.  

  () 

where  

k1 is the index into the Kx dimension of the output, 

k2 is the index into the Ky dimension of the output, 

N1 is the number of samples along the X axis, 

n1 is the index into those X samples, 

N2 is the number of samples along the Y axis, 

n2 is the index into those Y samples,  

f() is the input to the forward 2D FFT, 

F() is the 2D FFT output, 

and  

  () 

The inner sum of (1) is equivalent to a 1D FFT of the n1 
dimension of f(n1, n2). Thus, for each value of y or n2, we 
perform a 1D FFT of a function fn2 (x) and a 1D FFT of a line 

impulse (y – y(n2)), yielding (due to separability and trans-

lation) , which is that y value’s 2D contribution 

to the final output. The 2D FFT applies  (the spectral 
phase slope due to the y translation corresponding to n2) as a 
second set of 1D FFTs, but that is not directly relevant to this 
discussion. The intended point is that the samples along x at 
each y value produce a full 2D contribution to the 2D output, 
and that those individual 2D contributions (on a common Kx-
Ky grid) are simply summed. That concept is also the founda-
tion of the PCFT algorithm. 

Note that when using the 2D FFT, its input is typically 

premultiplied by the area (xy) associated with each sample. 
Because a regular Cartesian grid has equal area associated with 
every sample, that area weighting is a scalar that does not 
appear in (1). 

C. The PCFT Algorithm 

In this formulation there is again a 1D FFT of samples 
along the x' axis, where x' is the AUT's x axis rotated toward y 

by the  angle that is different for each n2. This is again 

assumed to be multiplied by a line impulse (y'), but in this 
polar geometry the line impulse rotates in the AUT coordinate 
system rather than translates. 

Equation (3) shows the contribution of one radial or 

diametric cut fn2 sampled along x' to the 2D spectral output 
space (with extrusion along the k2 dimension as in the left plot 

of Figure 2. ). The 1D FFT of one weighted diametric cut Afn2 
would evaluate (3) to populate a prescribed set of N1 integer 
indices k1, while a 1D DFT can be made to compute an 
arbitrary list of Kx' output coordinates (such as the projection 
of the full Kx-Ky output grid onto the Kx' axis in (5)). 

  () 

where  

N1 is the number of samples along the x' axis, 

n2 is the index into the set of  angles,  

k1 is the index into the Kx' dimension of the output for one 

value of n2, where Kx' is Kx rotated toward Ky by ( n2), 

x'(n1) is one sample location along the diametric x' axis at 

(n2), and 

A(n1) is the radial area weighting of each sample in (4): 

  () 

It can be readily shown that the several Kx-Ky grids, 

which are different in the AUT coordinate system for every  
angle, do not land on identical Kx-Ky points for any useful set 

of equally spaced , and so the matrices cannot be directly 

summed. Instead, we need to interpolate each ’s rotated output 
to one output grid in AUT Kx-Ky spectral coordinates. The 
actual implementation details, as we'll see, would be dependent 

on whether or not probe correction is being done for each  

(needed if a nontrivial probe does not counter-rotate AUT ). 

The process when no -specific probe correction is to be 
performed: 



• Define a desired Kx-Ky output grid. This paper sometimes 
assumes a regular K-space grid, but the grid might instead 
be chosen as the K-space equivalent of a regular angular 
grid or 1D vector of angular coordinates. 

• Initialize the complex output matrix (on the grid just 
defined) to be 0 + i0 everywhere. 

• Choose an interpolation scheme, perhaps starting with a 
zero-padding of the diametric cut (bandlimited interpo-
lation) followed by interpolation of that padded output to 
each point on the chosen Kx-Ky grid. One valid 
interpolation scheme would be to skip the 1D FFT and do 
a direct DFT to the full set of Kx' coordinates needed for a 

particular  angle. For a "small" number of points along 
the diametric cut, this approach is probably best. For a 
"large" number, there could be time savings in a hybrid 
interpolation of a large zero pad through the FFT and then 
a local interpolation using a subset of those FFT outputs. 
The interpolation of FFT output is assumed here. 

• Determine the native Kx output vector (where Kx' is the 

Kx axis rotated by  toward the Ky axis) of a 1D FFT of 

each zero-padded diametric cut (along x) based on  and 
radial spacing. 

• For each diametric cut: 

o Apply area weighting per (4) to each sample 
along the diametric cut 

o Do the 1D FFT 

▪ Define a vector of zeroes the length of 
the desired FFT output 

▪ Place the positive half of the input, 
including the origin, at the beginning of 
that vector 

▪ Place the negative half, without the 
origin, at the end of that vector 

o Determine the Kx values that map to each Kx-
Ky gridpoint using (5): 

 Kx(iKx, iKy) = Kx(iKx)cos + Ky(iKy)sin,  (5) 

where iKx and iKy are indices into the output 
matrix. If Kx' is beyond the range of the 1D FFT 
output, then that output should be periodically 
extended. 

o Interpolate as desired (e.g., nearest neighbor, 
linear, spline, bandlimited [9]) from the 1D 
padded FFT output vs. Kx' to the collapsed-grid 
Kx' coordinates in (5) and insert into the complex 
matrix at corresponding indices iKx and iKy. 

o Add the interpolated complex matrix to the output 
matrix. 

IV. EXAMPLE COMPARISON 

Figure 4. shows a coupling-product comparison of the 
PCFT acting on polar PNF data (right) to the conventional 2D 
FFT acting on Cartesian PNF data (left, synthesized from the 
same AUT model and transformed to the same Kx-Ky grid). 
Figure 5. shows the coherent ESSL, or |complex difference| 
expressed in dB, between the two plots in Figure 4. We see 
excellent agreement inside the black unit circle, which 
represents the edge of real space. The PCFT can have its 
evanescent modes (those outside the unit circle) lowered by 

decreasing the  spacing, though there is limited need for 
accurate evanescent-mode estimation. It should be noted that 
the Cartesian probing grid was 451x451, while the plane-polar 
grid was only 82x451. 

 

Figure 4.  Same field sampled X-Y and polar, then 

transformed with 2D FFT (left) and PCFT (right). 

 

Figure 5.  ESSL between Cartesian sampling and PCFT 

Note the black unit circle superimposed on each plot in 
Figure 4. (and several subsequent figures), which represents the 
bounds of real space. All coordinates at or inside that unit circle 
represent real aspect angles, while all coordinates outside 
represent complex angles and evanescent modes. Disagreement 
of results outside the unit circle is deemed far less important 
than is the agreement within the unit circle. 

The synthesized AUT used to produce both plots in Figure 

4. was a square grid of y-oriented dipoles 17 on each side. Its 



aperture distribution was the product of 1D window functions 
in X and Y, with each the square root of a 3-term Blackman-
Harris window. A steering phase was then applied to the 
aperture to add some challenge to the polar sampling. The 

probe was a single y-oriented dipole with a 3 Z separation 
from the AUT aperture. The width  and height of the X-Y 

sample grid were each 200, as was the diameter of the polar 

grid, yielding a critical angle of 88. The linear-axis sample 

increments were arbitrarily set to /2.25. No secondary 
coupling among the several dipoles was modeled. 

The interpolation scheme used to obtain the PCFT output 
was simply to pad each 1D FFT from its 451 input samples to 
produce 8192 output samples. The nearest of the 8192 outputs 
along Kx' (periodically extended when necessary) was then 
used without further interpolation. 

V. PCFT SAMPLING CONSIDERATIONS 

A. Angular-Dimension Sampling 

As stated in Section II, the full-resolution angular spacing 

 in radians is   /(2(R0+)) [8], where R0 is the radius of 
the AUT's minimum cylinder centered on the Z axis. One 
perceived advantage of the PCFT is its continued (though 

degraded) utility when using larger  than that ideal 
maximum. 

The PCFT does not interpolate or transform the sampled 

data in , so undersampling  does not cause aliasing. It does, 
however, approximately convolve the transfer function of that 
suboptimal sampling window with the true spectrum, and that 
undersampled transfer function has the general shape of a 
starburst [5] beyond a spectral radius from the dominant lobe(s) 
corresponding to full sampling. The steady-state level of each 
starburst spoke (with one dominant lobe and diametric scans) 

will be a voltage level of about Peak/#. 

A 4x undersampled transfer function is illustrated as 
equivalent stray-signal level (ESSL) with respect to a nearly 

impulsive spectral lobe in Figure 6. Here  was set to /20 

instead of the full-resolution  of /82 for the modeled AUT. 
With the 20 diametric scans and a 0 dB peak, the starburst is at 
about a -26 dB level. It was surprising that the rotationally 
symmetric sampling window applied to a steered beam did not 
simply translate by the K-space steering coordinates. This 
almost certainly occurred (at least in part) because the field in 
PNF sampling violates the frequent Fourier-transform assump-
tion of shift-invariance, where the spectrum would be 
stationary no matter where the sampling occurred. The ellip-
tical shape of the valid-region boundary in Figure 6. does make 
some sense after further reflection, where the major axis is 
aligned with the fully sampled diametric cut from the polar 
origin toward that steering angle, and the minor axis is aligned 

with the undersampled  normal to that diametric cut. The 
steered beam also directs more power toward the undersampled 
edges of the scan plane.  

The PCFT has been used several times since [5] with very 

coarse  spacings. Using coarse angular spacing would not 
work well for detailed pattern measurements, but does work 
well for detecting, resolving, and quantifying a few lobes with 

similar strengths. It has also been used experimentally in 
conjunction with the projection-slice theorem [3][7] to image 
an area from measured projections through it (such as those 
input to computed tomography). In that application there was 

graceful degradation of the image quality with larger , but 
the multiple shapes contained were still readily discernable. 

 

Figure 6.  Aliasing starbursts in spectral ESSL due to 4x  

undersampling, AUT beam steered to black dot. 

B. Linear-Dimension Sampling 

Using a fixed sample rate lower than the highest local 
spatial bandwidth [9] (an x' increment that is too large) will 
lead to aliasing [2][3][4] in each 1D FFT output. If Nyquist 

[2][3][4] calls for the common /2 fixed increment but 2 is 
used instead, then the Kx'=0 output will also appear at Kx'/K = 
+/-0.5 for all Ky'. As all the rotated Kx'-Ky' grids get interpo-
lated and summed to the common output grid those aliased 
outputs will tend to form aliasing (or grating) rings [5] con-
volved with each lobe. Each lobe's ring will be at a voltage 

level of about Peak/#. 

There is an implicit assumption in this (and many other) 
polar algorithm(s) that each diametric cut has a fixed spacing 
along x', and that the samples in each diametric cut are 
symmetric about 0. If time-division multiplexing multiple 
frequencies, probe ports, AUT states, and/or AUT channels 
while moving the probe along x', then it is not possible that 
more than one of those sample sets meet this assumption. In 
that event, it will be beneficial to numerically resample 

(interpolate) the data, translating the sample points by -x', 

where x' is the mean offset of the several samples from the 
polar origin. 

The PCFT does not preclude the use of nonredundant 
sampling [9], but does require that the data be interpolated to a 
regular polar input grid. 

VI. PROBE CORRECTION WITHOUT COUNTER-ROTATION 

The method in this section has not been implemented or 
tested. The author had occasion recently to acquire some plane-
polar data with no probe-roll axis, and gave some thought as to 
how probe correction might be possible. This section is here to 
put those thoughts on paper. It could be considered a 'future 
work' section. 

Probe-pattern correction in PNF is based on the spatial-
domain convolution of the radiated field from the transmit 
antenna with the receive antenna's aperture distribution. Such a 
convolution requires that the probe do pure translations in the 



AUT coordinate system. Without probe counter-rotation, the 

probe rotates by each diametric cut's  in the AUT coordinate 
system. Unless a mechanism is used to derotate the probe for 
each diametric scan, those probe rotations will invalidate the 
assumption of a stationary probe pattern over the 2D K-space 
grid. Such a mechanism seems possible with the PCFT. 

The PCFT does a 1D FFT of each diametric cut along x, 

yielding a 1D vector of coupling product along Kx. The 
sampling of each diametric cut effectively applies a line 

impulse along y and a consequent extrusion of the 1D 

spectrum through the 2D Kx- Ky grid.  Figure 2. illustrates 
those 2D outputs of 1D scans. 

The probe is doing the desired pure translation in the AUT's 
coordinate system in any one diametric scan. Extruding the 
data along Ky' using the separability property lets us build a 2D 
spectral contribution. It seems possible then that probe 
correction could be applied to each diametric cut, passing in the 
data for the two probe ports or orientations and returning 
polarization components in the AUT coordinate system. Those 

two 2D spectra vs. Kx and Ky would then have to be 
interpolated to the AUT's Kx-Ky grid (and polarizations rotated 

by ) to be summed with the contributions from the other 
diametric scans. Again, there are several options for performing 
that interpolation. 

The step just above (5) and the subsequent interpolation 
would likely change to the following: 

• Convert the 1D FFT output f1(Kx') to 2D output f(Kx', 
Ky'), by simply replicating (or extruding) each 1D value 
across the Ky' dimension, as illustrated in Figure 2. 's left 
plot. 

• Do the 1D transform and extrusion of the measured data 
on the other probe port or orientation. 

• Perform standard PNF probe correction for the data from 

one  angle. If we tabulate the probe coefficients in the 

Kx'-Ky' grid at =0, then that one grid of probe 

coefficients can be used at each  angle. 

• Interpolate from the 2D probe-corrected Kx'-Ky' grids to 
the common Kx-Ky grid for each polarization component. 

• Rotate the two polarization components by - 

• Add the two resulting matrices to the two output grids (one 
per polarization component). 

VII. CONCLUSIONS 

The PCFT [5] has been revisited and described in more 
detail. This algorithm has been used numerous times since  its 
introduction in 1992 in multiple applications, including plane-
polar spectral estimation and simple tomographic imaging 
[3][7]. The results presented here show excellent agreement 
between plane-polar data transformed through the PCFT and 
the more conventional X-Y data transformed through the 2D 
FFT. 

The PCFT can use the 1D FFT, and does not interpolate its 
spatial-domain input. A 1D FFT or DFT is applied to each 
diametric scan. There is no Fourier transform along the angular 
dimension, but instead uses several Fourier-transform proper-
ties to combine those several 1D spectral outputs to form a 
desired K-space output grid. FFT outputs would need to be 
interpolated (perhaps assisted by zero padding) to the output 
sample set, while the DFT could be made to directly compute 
those output samples without extra interpolation. 

The PCFT has a perceived advantage over alternative 
methods [1][8] when it is desirable to sample data at less than 
full angular resolution. While the output is degraded relative to 
the full-resolution result, the degradation is graceful and 
somewhat predictable. The degradation is in the form of a 
starburst pattern similar to Figure 6. approximately convolved 
with the true spectrum. In the PNF geometry at least, the shape 
of the starburst depends on the field distribution being sampled. 
The magnitude of the starburst's ridges is a function of the 
number of diametric cuts, and the spectral radius beyond which 
they appear is a function of the undersampling factor.  

Undersampling along the linear axis x' also degrades the 
spectrum in a predictable way, with a "grating ring" 
surrounding each true spectral lobe. The sine-space radius of 
each grating ring is the same as the distance to the traditional 

grating lobes, /x'. The voltage level of each grating ring is 
nominally reduced from the true lobe's level by a factor of 

1/#. 

The PCFT may also support generalized probe correction in 
the absence of a counterrotating probe-roll axis. A notional 
algorithm for that decoupling has been outlined, though its use 
has not been validated or even attempted. In this algorithm, 
standard probe correction (followed by polarization rotation) 
would be applied to each 1D scan's contribution to the 2D 
spectrum.  
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