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Abstract—In order to achieve high accuracy in measuring
sidelobes and/or nulls in antenna patterns, it is necessary to
use a test system with very high dynamic range. This is
particularly important when the antenna has extremely high
gain such as those used for certain satellite communications
or radio astronomy applications or when transmit power is
limited relative to range loss as is often the case in millimeter
wave applications. For several years, commercially available
antenna measurement receivers have offered a dynamic range
as high as 135dB for such applications. This dynamic range
has been made possible, in part, by a simple correlator in the
receiver’s DSP chain. In a previous paper, noise-free signal
models were developed and analyzed to demonstrate the
correlator’s ability to reduce carrier frequency offset (CFO)
and local oscillator (LO) phase noise to offer the fidelity of test
signal necessary to achieve extremely high dynamic ranges of
up to 135dB. Building on those models, this paper models the
effects of thermal noise and analyzes situations where the
correlator works well and where it negatively impacts
performance.
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I. INTRODUCTION

In certain antenna measurement applications, high
dynamic range is an important requirement. In designing a
broadband receiver system to meet these requirements, there
are several architectural elements that play important roles.
In a previous paper [1], the author analyzed one of these
critical components, a fairly simple DSP process known as
a single sample correlator.

The analysis that follows builds on the analysis of [1]
and is based on the architecture of the MI-750 Receiver
from NSI-MI Technologies. While the MI-750 Receiver is
used as a representative architecture to illustrate the concept
of the correlator, an analysis of other receiver architectures
would likely yield similar results.

A. Dynamic Range

Dynamic range may be defined as the ratio of the largest
to the smallest values of a measurable quantity [2]. In the
context of a measurement receiver, dynamic range is a
metric of the range of amplitudes the receiver can reliably
measure. Assuming other typical dynamic range
bottlenecks, such as A/D quantization, spurious free
dynamic range, intermodulation distortion, etc., are not
limiting factors, then the dynamic range of the receiver is
limited primarily by thermal noise power, which is given
by [2]

Pn = kBTOBFN (1)

where P, is the noise power, kjz is Boltzmann’s constant,
Ty is the temperature of the system, B is the noise
bandwidth, and Fy is the receiver’s noise factor.

/17/$31.00 ©2017 IEEE

378

The MI-750 Receiver has selectable IF sample rates.
The sample rate sets the noise bandwidth seen by the
receiver. The lower the sample rate, the lower the noise
power and the higher the dynamic range [3]. This
relationship is illustrated in Figure 1. At its lowest sample
rate setting of 1Hz, the difference between the MI-750
Receiver’s maximum RF received power and the thermal
noise power given by (1) is 135dB.
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Figure 1. Illustration of Receiver Dynamic Range vs.
Sample Rate

Unfortunately, other considerations such as carrier
frequency offset (CFO) and phase noise can prevent such
low rate measurements from yielding reliable results. The
purpose of the correlator is to mitigate these limiting factors
and enable low sample rate, high dynamic range
measurements.

B. System Architecture

The relevant components of the receiver architecture are
depicted in Figure 6, a somewhat simplified architectural
view of the MI-750 Receiver [4].

Following the flow of Figure 6, in Section II, we model
the transmit signals: x4(t) and xz(t); and the channels:
ha(t), hg(t), hyp a(t), and hyp g (t); and in Section III, we
model the local oscillator (LO) signal: y,,(t); and the
received signals at various stages of processing: y,(t),
yr(), y2(®), YR (®), ¥5 (), ¥k (), yar(®), and yfr(t).
These models closely mirror the models in [1], but include
thermal noise.

Section IV contains simulation results and observations
on performance followed by conclusions in Section V.

II. SIGNAL AND CHANNEL MODELS

A. Transmit Signal Model
The transmit signal is modeled as [5]

x,(8) = /pTei(th+¢T(t)+¢T0) ©)

where Pr is the transmit signal power, wy = w; + wr, is
the transmit frequency, w, is the intended carrier frequency,

wr, is the frequency offset due to an unstable and/or
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frequency resolution limited transmit clock, ¢ (t) is a time-
dependent phase term representing phase noise on the
transmit clock, and ¢ 7 is an absolute unknown phase offset.

The signal sent to the reference cable is coupled off the
main line at a significantly reduced power, perhaps 10 to
20dB down depending on the coupler that is used. This
reduction is modeled as

xp(t) = ax,(t)
where 0 < a < 1.

B. Channel Models

For this analysis, the channel over the air is modeled as
a delta function, which is defined as zero everywhere except
when the argument of the function is zero. This model
assumes the environment is a pristine chamber with no
multipath. The model is given by

3)

—jkr

ha(t) = Kakp W{S(t —t,) “4)

where k, and kp are complex (i.e. magnitude and phase)
responses of the AUT and Probe antenna respectively, r is
the over-the-air distance, k = 2m/A is the wave number
associated with the transmit frequency where A =

wTr/21’
and t, = r/c is the time it takes the EM wave to cross the
air gap. The antenna responses are actually functions of the
transmit frequency and antenna pointing angle, i.e. k, =
Ka(fr, 604, da) and kp = kp(f7, 0p, dp), but for brevity, we
omit these parameters.

The channel of the reference cable is also modeled as a
delta function,

hg(t) = B (t — tr) )
where f < 1 is the square root of the power loss through the

cable and tj is the temporal delay due to the cable.
The signal LO cable channel is modeled as

hLO,A (t) = ﬂAS(t - tLO,A) (6)
and the reference LO cable channel as
hior() = ﬁRs(t - tLO,R)- (7
C. Received Signal Models
The signal received over the air is given by
Va(t) = hy(t) * x4(t) + nu(t) (3

where ny (t) is thermal noise, modeled as complex Gaussian
random variable with distribution n, (t)~CN (0, B,) where
the variance, or noise power, is given by P, = kT, f;Fy.
Alternatively, we can write the noise power as a function of
the signal to noise ratio (SNR) at the receiver by B, =
Pr|hy|?/SNR.
The over-the-air received signal is then given by
—jkr

Ya(t) = Kakp WxA(t —ta) +ny(t)

VPr _ - -
= Kakp 2k: e](wTHd)T(t ta)+(bro-erta kr)) + 1y (2).

)

The received reference signal is given by
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Yr(t) = hp(t) * xg(t) + ng(t)

= aPx,(t — tg) + ng(t) (10)
= af /pTei(wa+¢T(t—tR)+¢T0—waR) + ng(t)
where ng(t)~CN(0,B,), assuming the signal and

reference channels have equivalent noise factors.

III. DIGITAL SIGNAL PROCESSING

A. Conversion to Complex Baseband

In the receiver, we mix both signal and reference
channels down to complex baseband. The configuration
depicted in Figure 6 shows an external analog mixing stage
followed by a complex digital mixing stage, but we will
model a single mixer as the combination of these two stages
and, for convenience, we will preserve the continuous-time
notation for now. The LO signal is given by

Y,0(t) = e I (@Rt+ORD+dR) (11)

where wg = w, + wg, is the frequency of the LO signal,
wg, is the LO’s CFO, ¢g(t) is the LO’s phase noise, and
¢, is the LO’s absolute phase offset.

If we assume the LO power is sufficient for the mixer to
operate properly, we can assume the conversion loss is
invariant to the LO power and ignore the loss of the cable
applied to the LO signal. We therefore let 3, represent the
conversion loss of the mixer (0 < 8, < 1) and write the
complex baseband signal as

V2 () = Buya®)yro (t - tLO,A) * hpoa(t)

BuBilPr e (12)
2kr

+ PuPana(t)e~i%a8®

= Ky Kp

where

$ap(t) = wepot + ¢T(t —ty— tLO,A)
— ¢r(t - ZtLO,A)
+ (wgr — Wepo)tioa + Pr, — Wrts
— ¢, — kr
is a phase function that includes the CFO, phase noise, and
phase offset,

(13)

Wcpp = Wr — WR = W, — WR, (14)
is the baseband CFO, and

gAB(t) = wgt + ¢R(t - ZtLO,A) — 2wgtroa + ¢R0 (15)
The baseband representation of the reference signal is
given by
YR() = BuYr(®)y10(t = tior) * hior(t)
- aﬁM'gﬁR\/p_TeijB(t)
+ BuBrn(t)e SErs®
with similar phase terms given by
Ere(t) = werpot + Pr(t — tr — trog)
— ¢r (t - ZtLO,R)
+ (wr — Wcpodtior + 1, — Wrte

~ PR,

(16)

and
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gRB(t) = wgt + ¢R(t - ZtLO,R) — 2wgtor + ¢R0 (18)

B. Correlator

In order to compare performance to a baseline, we will
consider the results with the correlator on as well as off. The
correlator simply conjugates the reference and multiplies it
by the signal received over the air. The post-correlated
signal is given by

i =i Oyk O
aByuPBBaPrPr i€ac(®)

2kr
2 p. 5
ﬁMﬁAﬁR PT e}'(fAB(t)'*'fAB(t'tLO.R))n* (t)
2kr ) R
+ aBBBanyPre (Fra®*an(to)y o)
+ BI\Z/I‘BABRej(gAB(t:tLO,R)_gAB (t.fLo,A))nA (t)n} ®)

where

Eac(t) = pr(t —ta —tyoa) — dr(t — tr — tior)
+ ¢r(t = 2ti08) = $r(t = 2t10.) 50
+ (g — wero)(troa — tror
+ wrp(tg — ty) — kr.

Notice the CFO has disappeared from the signal
component of (19). While w¢go is still in the phase term, it
does not multiply the time variable; it therefore contributes
to an absolute phase offset, but has no effect on the
frequency. Under some simplifying assumptions discussed
in [1], if conditions warrant, we can approximate ¢T(t -
ta—troa) = ¢r(t —tr —tror) and @p(t —2t08) =
br (t — 2t1p, A). Under these assumptions, the phase noise
terms disappear and we can approximate (20) as

Eac(t) = &4 (1) = (wr — Wero) (o — o)
+ wT(tR - tA) - kT‘.

The correlator also correlates the reference with itself,
so the post-correlated reference channel yields a real-valued
signal given by (22).

YE®) = yR@OYE ©

= o BB BPy ~

+ 05,312\4,3[3;% /PTej(fRB(t)"'EAB(trtLO,R))nE ®)
n aﬁ]@ﬁﬁg\/P_Te—]'(SRB(t)"'gAB(t.LO.R))nR ®
+ BiBiIng (O

C. Signal Divided by Reference (A/R)

The A/R signal with the correlator on is computed by
dividing the post-correlated signal channel by the post-
correlated reference channel and is given by (30), which is
shown at the end of the paper. With the correlator off, the
A/R signal is given by
i ()

Vg (£)

P . -
K, KPBAZ— VP o6as® 4 g, (6)eEantco

aﬁﬂR\/ PTejSRB(t) + ﬂRnR (t)e_ngB(tvtcr)

= KpKp

+ K4Kp (19)

21

(22)

Yar(t) =
(23)
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At this point in our computations, the CFO has been
eliminated from the signal portion of both (30) and (23),
though it remains in the noise terms.

IV. SIMULATION RESULTS

Given the complexity of these stochastic signal models,
we now turn to a Monte Carlo analysis to approximate the
distributions and assess the impact of noise on the final
results with and without the correlator.

Starting with the complex baseband models, let us
assume ¢,5(t) = &gg(t) = 0. This simplifies expressions
and assumes CFO and phase noise terms are zero. We are
therefore considering the SNR of each case assuming
conditions described in [1] are met and the signal is properly
preserved at the final sample rate. Using the assumptions
above, we can rewrite (12) and (16) using discrete-time
notation as

yE[n] = A+ ByPanalnle 548®@ = A+ 7i,[n]  (24)
yR[nl = R+ BuBrng [n]e_ngB(n) =R+7ig[n] (25)
where A = Kkykp %:;/P_T, R = aﬁMﬁﬁR\/P_T, and

Sap(m) = wgpn/fs + ¢R(n/fs - ZtLO,A) + 2wgtoa +
Pry-

The phase terms &,45(n) and &,5(n) are modeled as
uniform distributed random variables over 0 to 27 because
of the presence of the term wgxn/f;. However, the noise
terms ny[n] and ng[n] are complex Gaussian, so their
phases are already uniformly distributed. We can therefore
model the new noise terms with the same complex Gaussian
distribution as before, i.e. i [n]~7g[n]~CN (0, B%B2P,)
where we assume the LO cables have equal loss (5, = Sr).

To approximate the decimating filters, let us use a
simple averaging filter of length N;. Thus, the output of our
A/R computation without a correlator may be written as

SnZo vAn]
Yar1 = SN.-1_3 (26)
Znszo Vi [n]

Let BZB2P, = N, such that after averaging N;
independent samples, the noise power will be equal to 1 at
the final sample rate. We therefore set [A|2 = SNR such that
the SNR is referenced to the final IF sample rate. We also
set the SNR of the reference channel (SNRy) to a fixed
value, e.g. 30dB, i.e. |[R|?> = SNRy.

The A/R computation with a correlator yields

s = st yE n]yg [n]
AR,2 — — *
N yEn] yE [n]

A third option that is not implemented in the MI-750
Receiver would be to perform a division in the FPGA
instead of a correlation. This may be modeled as

@7

Ne=1
1 vz [n]

_ (28)
N; = yg [n]

Yar3 =

For each of the three methods, we compute the SNR of
A/R as
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|A/RI

SN |yare — A/R|
where N is the number of Monte Carlo iterations. For our
simulation, we let N = 10,000, N, =10, 100, and 1000, and
SNRR=30dB. These results are shown in Figures 2-4 where
the SNR of the noisy A/R measurement (29) is shown as a
function of the SNR of the signal channel at the final IF
bandwidth.

SNRAR_X = (29)
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Figure 2. A/R SNR with SNR;=30dB and N,=10

Without the correlator (note the blue curves with x’
markers), results are the same regardless of the length of the
smoothing filter. As the signal channel’s SNR grows, the
A/R measurement is limited by the SNR of the reference

channel, in this case, 30dB where the curves flatten.
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Figure 3. A/R SNR with SNRz=30dB and N,=100

With the correlator on (note the green curves with ‘+’
markers), the A/R SNR degrades at higher signal SNR
relative to the simple A/R measurement. As N gets larger,
in order to maintain a constant SNRyp at the final IF
sample rate, the reference channel’s SNR at the
correlator’s sample rate gets smaller. With a sufficiently
high SN Ry, this effect is unobservable, but to the extent that
this is not possible, this reduced performance is the price we
pay for using the correlator to make low sample rate
measurements.
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Figure 4. A/R SNR with SNRz=30dB and N;=1000

If we perform a division instead of a correlation, as
shown by the red curves with ‘o’ markers, the degradation
of SNR is minimized somewhat for most values of SNR, but
is markedly worse at very low SNR values when N is fairly
large. For a more difficult computation, this does not appear
to be a worthwhile trade.

The plots shown here are an attempt to illustrate a
difference in performance among the three methods.
However, as SN Ry, is referenced to the final sample rate, the
reference signal power in Figure 4 is equal to the noise
power before filtering. This is obviously a very pessimistic
scenario and unlikely to occur in practice.

If the reference channel has as much power as the
highest signal power, there will be virtually no difference in
the performance of the three methods and the A/R SNR will
be almost equal to the signal channel SNR at all points. This
condition is depicted in Figure 5 where SNR; = 60dB and

N, = 1000.
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Figure 5. A/R SNR with SNRz=60dB and N,=1000

V. Conclusion

Building on prior work, we have analyzed the effect of
a simple correlator in the presence of thermal noise. The
effect of noise reduces the SNR of the post-correlated signal
relative to an A/R measurement without the use of a
correlator. This effect is pronounced when the reference
channel of an antenna measurement receiver is relatively
low in power. When the reference channel power is properly
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controlled, this degradation virtually disappears. Given the
correlator’s ability to enable high dynamic range
measurements by minimizing CFO and phase noise, the use
of the correlator is often recommended to improve
performance.

References

[1] B.T. Walkenhorst, “Enabling extremely high dynamic
range measurements using a simple correlator,” AMTA
Symposium, Nov 2016.

y5 ()
v (©)

yir() =

[2] G. Gonzalez, “Microwave transistor amplifiers:
analysis and design,” Prentice-Hall, 1997.

[3] S. Nichols, “Advanced antenna measurement system
architectures,” AMTA Symposium, Nov 2011.

[4] NSI-MI Technologies, “MI-750 advanced digital
receiver,” MI-750 datasheet.

[5] IEEE 1139-2008, “IEEE standard definitions of
physical quantities for fundamental frequency and time
metrology — random instabilities,” pp. 1-35, Feb 2009.

2 ) _ ) _ . _
Kakp 7‘1&24%%;/3121% eJéac®) 4 Kakp BMB/%%;\/P—T e](fAE(t)+fAB(trtLO,R))n;2 (©) + aBEBBPR pTe—I(fRB(t)'*fAB(fILo,A))nA(t) + ﬁfqﬁAﬁReJ(fAB(trtLO,R)_fAB(trtLU,A))nA(t)nE ® (30)

Q2L BBEPy + afly B2y Prel Gre O Ean(ttion) e (1) + ap2 g2, [Pre (R O+EanCLOR) (1) 4 2 p2in (0)]2

Signal

s I — —
Source Coupler —xa(t) 36

XR‘(t)

hal(t)

Bzw(t)@exer ~—{Jhioalt)

Yio(t-tioa)

() he(t) )

Yio(t-tio,a)

Diplexer —={ A/D H()i(;% y,?(t) — {M Filter

LO:
45MHz

A

» Diplexer »<A/D —Ni):(j% yﬁ(t) — yM Filter

MI-750 Receiver

B
t
XY o Fileer
yal(t)
o yar(t)
. o [ e
. j yar(t)
t
~X) ch(t) vM Filter
Correlator va(t)

Figure 6. Simplified Antenna Measurement System Architecture

382




