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Abstract—Two efficient techniques to compensate known posi-
tioning errors in a nonredundant spherical near-field – far-field 
(NF–FF) transformation, using a cylinder ended in two half-
spheres for modelling long antennas, are developed and ex-
perimentally assessed in this communication. In order to evaluate 
the NF data at the points fixed by the nonredundant sampling 
representation from the acquired irregularly spaced ones, the 
former approach uses the singular value decomposition method 
and can be applied when the nonuniformly distributed samples 
lie on nonuniform parallels. The latter, based on an iterative 
technique, can be adopted even if such a hypothesis is not satis-
fied, but requires the existence of a biunique correspondence as-
sociating at each uniform sampling point the nearest nonuniform 
one. Once the uniform samples have been retrieved, those needed 
by the classical spherical NF–FF transformation are efficiently 
determined via an optimal sampling interpolation algorithm. 

I. INTRODUCTION 

The near-field – far-field (NF–FF) transformation technique 
with spherical scanning is particularly interesting, since it al-
lows the reconstruction of the complete radiation pattern of the 
antenna under test (AUT) and avoids the errors due to the trun-
cation of the scanning surface. Accordingly, it has attracted a 
considerable interest in the last four decades [1-15]. In this con-
text, the application of the nonredundant sampling representa-
tions of the electromagnetic (EM) fields [16, 17] has allowed 
the development of efficient spherical NF–FF transformations 
[11-15], which usually require a number of NF data remarkably 
lower than the classical one [6]. In fact, the NF data needed by 
this last are accurately recovered by interpolating a minimum 
set of measurements via optimal sampling interpolation (OSI) 
expansions. A remarkable measurement time saving can be so 
obtained making these nonredundant transformations more and 
more appealing, since nowadays such a time is very much 
greater than the computational one. This result relies on the 
quasi-bandlimitation properties of EM fields [18] and their 
nonredundant sampling representations [16]. In fact, the EM 
fields radiated by antennas, enclosed in a convex domain 
bounded by a rotational surface Σ and observed on a surface M 
with the same rotational symmetry, can be very well approxi-
mated by spatially bandlimited functions when a proper phase 

factor is singled out from the field expression and proper pa-
rameterizations are used to describe M [16]. Since the voltage 
acquired by a nondirective probe has the same effective spatial 
bandwidth of the AUT field, these representations can be ap-
plied to the voltage too. In particular, a long AUT has been 
considered as enclosed in a prolate ellipsoid [11-13] or in a 
rounded cylinder (a cylinder ended in two half-spheres) [14, 
15], whereas an oblate ellipsoid [11-13] or a double bowl (a 
surface formed by two circular bowls with the same aperture 
diameter but eventually different lateral bends) [14, 15] have 
been adopted to model a quasi-planar antenna. 

It must be stressed that the errors due to an imprecise con-
trol of the positioning systems and their finite resolution do not 
allow one to exactly locate the probe at the points fixed by the 
sampling representation, even though their position can be ac-
curately read by optical devices. As a consequence, it is very 
important to develop an effective algorithm for an accurate and 
stable reconstruction of the NF data needed by the NF–FF 
transformation from those irregularly spaced. To this end, an 
approach based on the conjugate gradient iteration method and 
using the unequally spaced fast Fourier transform [19] has been 
developed [20]. However, such an approach is not suitable for 
the aforementioned nonredundant NF–FF transformations. A 
viable and convenient strategy [21] is to retrieve the uniform 
samples from the nonuniform ones and then reconstruct the 
required NF data via an accurate and stable OSI expansion. In 
this framework, two different approaches have been proposed. 
The former is based on an iterative technique, which converges 
only if it is possible to build a biunique correspondence asso-
ciating at each uniform sampling point the nearest nonuniform 
one, and has been applied in [21] to the reconstruction of the 
uniform samples in the case of cylindrical and FF spherical 
surfaces. The latter relies on the singular value decomposition 
(SVD) method, does not exhibit the above limitation and has 
been applied in [22] to the uniform samples reconstruction in a 
plane-polar geometry. It allows one to exploit the data redun-
dancy to increase the algorithm stability, but can be conven-
iently applied only if the uniform samples recovery can be re-
duced to the solution of two independent one-dimensional 
problems. Both the approaches have been applied and numeri-



cally compared with reference to the positioning errors com-
pensation in the spherical NF–FF transformations for elongated 
[23] and quasi-planar [24] antennas based on a prolate and ob-
late AUT modelling, respectively. 

The goal of this work is to validate experimentally the ap-
plication of these approaches to the NF–FF transformation with 
spherical scanning for long antennas [14], using the rounded 
cylinder modelling (Fig. 1). The experimental tests have been 
performed in the Antenna Characterization Lab of the Univer-
sity of Salerno, provided with a roll over azimuth spherical NF 
facility supplied by MI Technologies. 

II. NONREDUNDANT VOLTAGE REPRESENTATION ON A SPHERE 

Let us consider a long AUT enclosed in a rounded cylinder 
Σ, i.e., a cylinder of height   h'  ended in two half-spheres of ra-
dius   a'  (see Figs. 1 and 2), a non directive probe scanning a 
sphere of radius d in the NF region, and adopt the spherical 
coordinate system   (r,ϑ,ϕ)  to denote an observation point P. 
According to [16], let us introduce the “reduced voltage” 

 
     V (ξ) = V (ξ) e jγ (ξ)  , (1) 

 
where   V (ξ)  is the voltage   V1  or   V2  measured by the probe or 
by the rotated probe, γ (ξ)  is a proper phase function, and ξ is 
an optimal parameter used to describe each of the curves C 
(meridians and parallels) representing the sphere. The error, oc-
curring when    V (ξ)  is approximated by a bandlimited function, 
becomes negligible as the bandwidth exceeds a critical value 

 
Wξ  [16]. Accordingly, it can be effectively controlled by con-
sidering approximating functions with bandwidth 

  
χ'Wξ , where 

 χ ' > 1  is the enlargement bandwidth factor, slightly greater 
than unity for electrically large antennas [18]. 

The bandwidth 
 
Wξ  and parameterization ξ relevant to a 

meridian, and the corresponding phase function γ are [14, 16]: 
 

  
   
Wξ = β ' 2π   (2) 

 

  
   
ξ = π

'
R1 − R2 + s1' + s2'⎡⎣ ⎤⎦   (3) 

 

  
  
γ = β

2
R1 + R2 + s1' − s2'⎡⎣ ⎤⎦   (4) 

 
where β is the wavenumber,    ' = 2(h'+ πa')  is the length of 
the intersection curve   C '  between the meridian plane through 
the observation point P and Σ, 

  R1, 2 are the distances from P to 
the two tangency points 

  P1, 2  between the cone of vertex at P 
and   C ', and 

  
s1,2'  are their curvilinear abscissae (see Fig. 2). 

The explicit expressions of 
  
R1,2  and 

  
s1,2'  change depending on 

the location of the points 
  
P1,2  and are reported in [14]. 

On a parallel, the phase function is constant and it is con-
venient to use the azimuthal angle ϕ as parameter. The corres-
ponding bandwidth 

 
Wϕ  is [14, 16]: 

 

  
  
Wϕ = β

2
max

z '
(z − z ')2 + (ρ+ρ '(z '))2( +    

 

   
− (z − z ')2 + (ρ−ρ '(z '))2 )  (5) 
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Figure 1. Spherical scanning for a long antenna. 
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Figure 2. Relevant to the rounded cylinder modelling. 

 
wherein   ρ = d sinϑ , ρ'(z') is the equation of Σ in cylindrical 
coordinates and the maximum is attained at 

 

  

  

z ' =

z z ≤ h'/ 2

h'

2
+

z − h'/ 2( )a' 2

(d sinϑ)2 + z − h'/ 2( )2

⎡

⎣
⎢

⎤

⎦
⎥ sgn(z) z > h'/ 2

⎧

⎨
⎪⎪

⎩
⎪
⎪

  (6) 

 
sgn(⋅) being the sign function. 

In light of the above results, the reduced voltage at P on the 
meridian at ϕ can be recovered via the OSI expansion [14]: 

 

  

   

V ξ(ϑ),ϕ( ) = V ξn,ϕ( ) G ξ, ξn ,ξ ,N, N"( )
n = n0−q+1

n0+q

∑      (7) 

 
where   n0 = Int ξ Δξ( )  is the index of the sample nearest (on 
the left) to P, 2q is the number of retained intermediate samples 

   V ξn,ϕ( ) , i.e., the reduced voltages at the intersection points 
between the meridian through P and the sampling parallels, 

 
  

  ξn = nΔξ = 2πn (2N"+ 1) ;            N"= Int χN '( )+ 1  (8) 
 

  
  
N '= Int χ'Wξ( ) +1 ;        N = N"− N ' ;         ξ = qΔξ  (9) 



Int(x) denotes the integer part of x,  χ > 1  is an oversampling 
factor which controls the truncation error [16], and 

 
  

  
G ξ, ξn ,ξ, N, N"( ) = ΩN ξ − ξn ,ξ( ) DN" ξ − ξn( )   (10) 

 
Moreover,  
 

  
  
DN " ξ( ) = sin (2N"+1)ξ / 2[ ]

(2N "+1) sin(ξ / 2)
  (11) 

 

   
  
ΩN ξ,ξ( ) =

TN 2cos2 ξ / 2( ) cos2 ξ / 2( )−1⎡⎣ ⎤⎦
TN 2 cos2 ξ / 2( )−1⎡⎣ ⎤⎦

  (12) 

 
are the Dirichlet and Tschebyscheff sampling functions [16], 
wherein 

  TN (ξ) is the Tschebyscheff polynomial of degree N. 

The intermediate samples    V ξn,ϕ( )  are given by [14]: 
 

         

   

V ξn,ϕ( ) = V ξn,ϕm,n( )
m = m0−p +1

m0+ p

∑ G ϕ,ϕm,n,ϕ,Mn,Mn"( ) (13) 

 
wherein 

  m0 = Int ϕ/Δϕn( ) , 2p is the retained samples number, 

   
V ξn,ϕm,n( )  are the reduced voltage samples on the parallel 
fixed by  ξn , and  

  
  
ϕm,n = mΔϕn= 2πm/(2Mn"+ 1);       

  Mn"= Int χMn'( )+ 1  (14) 
 

  
  
Mn' = Int χ*Wϕ (ξn)[ ] + 1 ;       

  Mn = Mn"− Mn'  (15) 
 

  
  χ

*= 1+ (χ'−1) sinϑ(ξn)[ ]−2/3 ;        ϕ = pΔϕn  (16) 
 
The accurate reconstruction of the voltages 

  V1  and 
  V2  at 

any point on the sphere can be then obtained by matching the 
OSI expansions (7) and (13). 

III. RECONSTRUCTION OF THE UNIFORM SAMPLES 

Two different approaches for compensating known posi-
tioning errors are presented in this section. 

A.  The SVD approach 
Let us suppose that, apart the sample at the pole ϑ = 0 , the 

irregularly spaced samples lie on parallels not uniformly distri-
buted, which represents a realistic hypothesis in a spherical NF 
facility, when the acquisition is made by parallels as needed to 
exploit the possibility to reduce the number of NF data on the 
noncentral parallels, offered by the previous nonredundant rep-
resentation. In this case, the uniform samples recovery reduces 
to the solution of two independent one-dimensional problems. 

The uniform 
  2Mk" + 1 samples on a nonuniform parallel at 

  ϑ(ηk )  are reconstructed as follows. Given a sequence of 

  Jk ≥ 2Mk" + 1 nonuniform sampling points 
  
(ηk , φ j) on such a 

parallel, the related voltages 
   
V (ηk , φ j)  can be expressed in 

terms of the uniform ones by means of (13), thus getting a 
linear system that can be rewritten in the matrix form 

 
   A x = b  , (17) 

 
where  b  is the vector of known nonuniform samples 

   
V (ηk ,φ j), 

x is that of the unknown uniform ones 
   
V (ηk ,ϕm,k ) , and  A  is 

a 
  Jk × (2Mk" + 1)  matrix, whose elements are the weight func-

tion of the considered OSI expansion: 
 

  
 
ajm =

  
G φ j ,ϕm,k ,ϕk ,Mk,Mk"( )   (18) 

 
wherein 

  
ϕm,k = mΔϕk = 2mπ /(2Mk"+ 1) and  ϕk = pΔϕk . Note 

that, for a fixed row j,  the elements 
 
ajm  are zero if the index m 

is external to the range 
  
[m0(φ j ) − p +1,

  
m0(φ j ) + p] . 

The OSI expansion (13) is then employed to determine the 
intermediate samples 

   
V (ηk ,ϕ)  at the intersection points be-

tween the nonuniform parallels and the meridian through P. 
Since these samples are again nonuniform, the voltage at P can 
be found by recovering the uniformly distributed intermediate 
samples again via SVD and then interpolating them via (7). 

Both the distances between each nonuniform parallel and 
the related uniform one and those between the nonuniform sam-
pling points and the associated uniform ones on the nonuniform 
parallels have been assumed less than one half of the corres-
ponding uniform spacing to avoid a strong ill-conditioning of 
the related linear system. Moreover, the same number Nϕ  of 
samples (that corresponding to the equator) has been retrieved 
on each nonuniform parallel to minimize the computational 
effort. In fact, in such a case, the samples are aligned along the 
meridians and, accordingly, the number of systems to be solved 
is minimum. Once the uniform samples have been determined, 
the data needed by the standard NF–FF transformation [6] can 
be evaluated via expansions (7) and (13), this last properly 
modified to account for the redundancy in ϕ. The SVD-based 
approach could be still used when the nonuniformly distributed 
samples no longer lie on parallels, but the dimension of the in-
volved matrix would become very large, thus requiring a huge 
computational effort. Accordingly, in such a case, it is more 
convenient [23, 24] to resort to the iterative technique. 

B. The iterative approach 
Let us now suppose that the nonuniform samples distribu-

tion is such that it is possible to build a one-to-one correspond-
ence, associating at each uniform sampling point the “nearest” 
nonuniform one. By expressing the reduced voltage at each 
nonuniform sampling point 

  
(ηk , φ j, k)  as a function of the un-

known values at the nearest uniform ones 
  
(ξn ,ϕm,n)  by means 

of the OSI expansions (7) and (13), it results: 

  

   

V (ηk , φj, k) = G ηk , ξn, ξ, N,N"( ){
n = n0−q+1

n0+q

∑ ⋅    

                                            

   

V ξn,ϕm,n( )G φj,k ,ϕm,n,ϕ,Mn,Mn"( )}
m=m0− p+1

m0 + p

∑  (19) 

 
The linear system so obtained can be rewritten as  A x = b , 

where  b  is the sequence 
   
V (ηk , φj, k)  of the known nonuni-

form samples, x is the sequence of the unknown uniform ones 

   
V (ξn,ϕm, n) , and  A  is a  Q × Q  sparse banded matrix, Q being 
the overall number of uniform/nonuniform samples. By split-
ting  A  into its diagonal part  AD and nondiagonal one Δ , 
multiplying both members of the system by 

  
AD
−1  and rearrang-

ing the terms, the following iterative procedure results: 



  
  
x(ν) = AD

−1 b − AD
−1 Δ x(ν−1) = x(0) − AD

−1 Δ x(ν−1)   (20) 
 

  x
(ν)  being the uniform samples vector estimated at the  νth  

step. The necessary conditions for the convergence of the pro-
cedure are certainly satisfied in the assumed hypothesis on the 
nonuniform samples distribution. In fact, the modulus of each 
element on the principal diagonal of A  results to be not zero 
and greater than those of the other elements on the same row 
and column. By making eq. (20) in explicit form, it results: 

 

   
V (ν) ξn,ϕm,n( )= 1

G ηn, ξn ,ξ,N, N"( )G φm,n,ϕm,n ,ϕ,Mn ,Mn"( )     

                   

. V (ηn,φm, n){ −
=

0
−q+1

0
+q

∑ G ηn, ξ ,ξ,N, N"( )
i = i

0
− p +1

i
0
+ p

∑ .

( ≠ n) ∧ ( i≠ m)

  

                                                    
⋅G φm,n,ϕi, ,ϕ,M ,M"( )V (ν−1) ξ ,ϕi,( )⎫⎬

⎭
 (21) 

Then, the NF data needed by the standard NF–FF transfor-
mation [6] can be again evaluated via expansions (7) and (13). 

IV. EXPERIMENTAL TESTING 

Some experimental results assessing the effectiveness of the 
proposed techniques are shown in this section. The tests have 
been performed in the anechoic chamber of the Antenna Char-
acterization Lab of the University of Salerno, wherein a roll (ϕ 
axis) over azimuth (ϑ axis) spherical NF facility, supplied by 
MI Technologies is available. The chamber,  8m×5m × 4m  
sized, is covered with pyramidal absorbers ensuring a wall re-
flectivity lower than – 40 dB. The measurements are carried 
out by means of a vector network analyzer. The reported ex-
perimental results refer to a X-band resonant slotted waveguide 
array made by PROCOM A/S, which works at 10.4 GHz and 
has been realized by cutting 12 round-ended slots on both the 
broad walls of a WR90 rectangular waveguide and soldering 
two cylinders on its narrow walls. Such an antenna has been 
modelled by a rounded cylinder with   h' = 28.27 cm,   a' =  2.60 
cm and mounted in such a way that the broad walls are parallel 
to the plane y = 0 and its axis is coincident with the z one (Fig. 
1). The probe voltages have been collected by an open-ended 
WR90 waveguide on a sphere with radius d = 45.20 cm. 

The first set of figures (from Fig. 3 to Fig. 8) refers to the 
case of the nonuniformly spaced sampling points lying on par-
allels. In particular, the NF data have been acquired in such a 
way that the distances between each nonuniform parallel and 
the related uniform one and between the nonuniform sampling 
points and the uniform ones on the nonuniform parallels are 
random variables uniformly distributed in  ( − Δξ/2, Δξ/2) and 

  ( − Δϕk /2, Δϕk /2) . The amplitude and phase of the voltage   V1  
on the meridian at ϕ = 0°, reconstructed via the SVD-based ap-
proach, are compared in Figs. 3 and 4 with those directly meas-
ured on the same meridian. As can be seen, all reconstructions 
are very accurate, in spite of the severe values of the position-
ing errors. The overall effectiveness of the SVD-based tech-
nique is assessed by comparing the FF patterns in the principal 
planes E and H (Figs. 5 and 6) recovered from the nonuniform 
NF data with those (references) obtained from the NF data di- 
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Figure 3. Amplitude of V1  on the meridian at ϕ = 0°. Solid 
line: measured. Crosses: reconstructed from nonuniform NF 
data via the SVD-based approach. 
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Figure 4. Phase of V1  on the meridian at ϕ = 0°. Solid line: 
measured. Crosses: reconstructed from nonuniform NF data 
via the SVD-based approach. 
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Figure 5. E-plane pattern. Solid line: reference. Crosses: re-
constructed from nonuniform NF data via the SVD-based ap-
proach. 

 
rectly acquired on the classical spherical grid. In both the cases, 
the MI Technologies’ software MI-3000, implementing the 



NF–FF transformation [6], has been used to get the FF recon-
structions. The FF pattern reconstruction in the cut plane at ϕ = 
90° is then shown in Fig. 7. Also the FF reconstructions result 
to be very accurate, thus confirming the effectiveness of the ap-
proach. Practical identical results (non reported for space sav-
ing) have been obtained by applying the iterative approach to 
the same set of nonuniform NF data, which satisfies also its ap-
plicability conditions. It is worth noting that the number of used 
samples is 836, remarkably less than that (5 100) required by 
the standard NF–FF transformation [6]. At last, the FF pattern 
in the cut plane at ϕ = 90°, reconstructed from the acquired 
nonuniform NF data without using the SVD-based approach, is 
shown in Fig. 8. As can be seen, this FF reconstruction is se-
verely compromised as compared with those achieved by using 
the proposed techniques, thus further confirming their capa-
bility to effectively compensate known positioning errors. 

The remaining figures (from Fig. 9 to Fig. 12) are relevant 
to the case of irregularly spaced sampling points which do not 
lie on parallels and, therefore, only the iterative technique can 
be conveniently applied. The nonuniform samples have been 
acquired in such a way that the displacements in ξ and ϕ be- 
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Figure 6. H-plane pattern. Solid line: reference. Crosses: re-
constructed from nonuniform NF data via the SVD-based ap-
proach. 
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Figure 7. FF pattern in the cut plane at  ϕ = 90°. Solid line: 
reference. Crosses: reconstructed from nonuniform NF data 
via the SVD-based approach. 

tween the position of each nonuniform sample and the associ-
ated uniform one are random variables uniformly distributed in 

 (−Δξ/3, Δξ/3)  and 
  (− Δϕn /3, Δϕn /3) . The amplitude and 

phase of the voltage   V1  on the meridian at ϕ = 0° recovered by 
using 10 iterations are compared in Figs. 9 and 10 with those di-
rectly measured on the same meridian. It must be stressed that 
such a number of iterations ensures the convergence of the al-
gorithm with very low errors [23, 24]. At last, the overall effec-
tiveness of the iterative technique is confirmed by the E-plane 
and H-plane pattern reconstructions shown in Figs. 11 and 12. 
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Figure 8. FF pattern in the cut plane at  ϕ = 90°. Solid line: 
reference. Crosses: reconstructed from nonuniform NF data 
without using the SVD-based approach. 
 

-50

-40

-30

-20

-10

0

10

-180 -135 -90 -45 0 45 90 135 180

O
ut

pu
t v

ol
ta

ge
 a

m
pl

itu
de

 (
dB

)

q = p = 7

' = 1.30

= 1.20

 (degrees)  
Figure 9. Amplitude of V1  on the meridian at ϕ = 0°. Solid 
line: measured. Crosses: reconstructed from nonuniform NF 
data via the iterative approach. 
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