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Abstract-In a 2008 AMTA paper the concept of the 

IsoFilterTMTMTMTM rejection curve was described.  The steps to 

generate this rejection curve consist simply of (1) 

translating the coordinate origin of the measured 

pattern to a new location (2) performing a spherical 

modal analysis of the pattern, and (3) taking the total 

power in the lowest order mode as a measure of the 

strength of the radiation source at that location.  

Stepwise repetition of this process then generates the 
IsoFilterTMTMTMTM rejection curve.  The basis for the process of 

generation was an empirical recipe for which no 

theoretical basis was presented.  In this paper we relate 

the rejection curve to conventional electromagnetic 

theory.  We begin with the general free space Green's 

function assuming a general distribution of current 

sources, and show how one may plausibly describe the 
IsoFilterTM TM TM TM rejection curve, and how it operates to reveal 

an arbitrary source distribution. 
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1. Introduction 

The early work with the IsoFilter
TM

 technique 

demonstrated that the radiation emanating from the aperture 

of a horn, located several wavelengths above a ground 

plane, could be separated from the radiation due to the 

sidelobe and backlobe illumination of the ground plane 

itself.  The success of this demonstration encouraged us to 

pursue further the question of how well the IsoFilter
TM

 

technique worked to suppress other types of secondary 

signals – such as signals coming from other elements of an 

array antenna or another individual first-order primary 

radiator nearby. [1] 

In the process of evaluating the goodness of the 

secondary signal suppression we have devised a method [1] 

for identifying the locations and strengths of an antenna's 

radiation sources that is an alternative to conventional back-

projection.  The alternative method utilizes the antenna's 

far-field measured radiation pattern and successive 

spherical modal analyses to ascertain the relative strength of 

the antenna's sources that give rise to its far field.  We 

believe that this alternative technique has applicability to 

the general problem of antenna diagnostics. An example 

from an earlier paper is given here in Appendix A. Please 
see Figure A6 for an example of an IsoFilterTM rejection 

curve.  To arrive at a theoretical understanding we proceed 

as follows: 

In Section 2 we first establish, using a free space Green 

function, that a general mathematical form in which to 

express the radiation field of an arbitrary antenna, is that of 

a spherical modal sum.  In Section 3 we show how one can 

compute the coefficients Qsmn of the spherical modal 

expansion starting from a prescribed source 

distribution )( 'rJ
�
�

.  In Section 4, we examine the form of 

the radial integral in Qsmn. We show that by defining a 

quantity )( Iso

Eff
rJ
�

�

,which is the effective value of the 

current distribution if concentrated at the origin, we can 

obtain an expression for the IsoFilter
TM 

rejection curve that 

is identical to the empirical form used earlier in the work of 

Reference [1].  Thus we show how one might understand 

the rejection curve from a theoretical point of view. 

2. Obtaining the General Expression for 

Free Space Radiated Fields 

The general expression for the far electric field of an 

antenna in terms of its known distribution of electric and 

magnetic current sources when written in terms of the 

vector potentials is given by Balanis as  
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and where )'(rJ
�
�

 (and )'(rM
�

�

are the electric and magnetic 

current sources. [2] Here ω is the frequency in radians per 

sec, k is the wavenumber k=2π/λ = ω / √µε, and µ and ε 



are the magnetic permeability and dielectric permittivity of 

free space.  The quantity R is the distance from the element 

of current to the point at which the field is expressed  
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Here ψ  is the angle between the vectors r and r'.   Please 

see Fig.1 for illustration.  These equations can be simplified 

in the case of the field point lying in the far field of the 

source. 

 

Fig.1 Illustration of Relationships Among Position Vectors that 

Locate the Field Point r and the Source Point r'. 

For an aperture antenna, Balanis shows how to deal with 

the expressions (2) and (3) as vector equations. [2] In 

general, they must be interpreted as applying individually to 

each of the three Cartesian components.  This makes it 

awkward to obtain an expression for a general solution 

when the far field is more appropriately expressed in 

spherical coordinates.   

One approach to handling the vector nature of the 

problem is taken by Balanis who artfully switches between 

Cartesian and spherical components to arrive at meaningful 

solutions for aperture antennas. [2] Another approach to 

handling the vector nature of the problem is taken by 

Jackson who focuses on the radial components of the 

electric and magnetic fields and employs the scalar Green 

function to arrive at an expression for the far electric field 

)(rE
�
�

in terms of a specified source distribution )'(rJ
�
�

. [3]  

However, Tai invokes the power of the dyadic formulation 

to address the vector nature of the problem. [4] 

The scalar Green function is a solution of the scalar 

Helmholtz equation.  

             )'()',()( 22
rrrrGk
����

−−=+∇ δ                        (5) 

See Jackson equations 9.93 and 9.94 and Tai equations 2.80 

and 2.88.  It may be written in either of two forms as  
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An expansion for this is given by Jackson's equation 9.98: 
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which serves to introduce the solution in spherical 

coordinates.  (Here the 
ti

e
ω−

 time convention has been 

used.) Note that the expression for the scalar Green function 

-- eqn. (6) can be used in  conjunction with the solutions 

quoted earlier -- eqns. (2) and (3) -- to obtain explicit 

expressions for the far field in terms of the source 

distributions )'(rJ
�
�

 and )'(rM
�

�

.  Unfortunately, this leaves 

us with a mixed result -- Cartesian components expressed in 

terms of spherical harmonic functions of spherical 

coordinates.  A more sophisticated approach is needed. 

To address properly the problem of obtaining 

expressions for the fields radiated by prescribed sources, we 

must appeal to the method of dyadic Green functions 

applied to the free space boundary conditions.  Tai shows 

that the standard form of the solutions of the free space 

Maxwell equations is given by  
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where the electric field dyadic Green function )',( rrGe

�

 is 

a solution to the dyadic differential equations 
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and can be computed from 

)',()
1

()',(
2

rrG
k

IrrGe ∇∇+=
��

   .       [4]        (10) 

Collin who treats the general case of arbitrary location of 

the field observation point within the source region has 

shown that one way of expressing )',( rrGe

�

 is as follows: 

[5] 

2

)3()1(

)3()1(

)'(
ˆˆ                                 

)1(

)],(),(                             

),(),([

2
)',(

k

rr
rr

qnn

rkNrkN

rkMrkM

k

j
rrG

nm nm

nmnm

nmnm

e

��

�

−
−

+
+

+

−
= ∑ ><

><

δ

π

    (11) 

where                      
)!(

)!(

12

2

0

mn

mn

n
q m

nm
−

+

+
=

πε
  .                  (12) 



For the case in which the far field point lies outside the 

volume containing the distribution of sources, Collin notes 

that one may write the following simplified expression for 

the electric field:  
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Collin's )(rM nm

�
�

- and )(rNnm

�
�

- functions are essentially 

the vector spherical wave functions of Stratton.  These are 

directly related to the vector spherical wave functions of 

spherical near-field scanning theory.  In spherical near-field 

scanning theory, these two types are subsumed into the 

unified notation )(rFsmn

�
�

, where s=1 when )(rFsmn

�

�

 is of 

the 
nmN
�

-type function and s=2 when it is of the 
nmM
�

-type 

function.  (Here, for equations (8)-(11) which derive from 

Tai and from Collin, the 
tj

e
ω+

 time convention has been 

used.) 

When one examines equations (8) and (11) one can see 

immediately that the electric field outside the region 

containing the sources can be computed as a series 

summation over the spherical vector wave functions from a 

knowledge of the source distribution ―  )'(rJ
�

�

 (and 

)'(rM
�

�

).  In the language of the spherical near-field 

scanning literature, one may write for the electric field 

outside the source region  
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So, beginning with the standard expression for computing 

the electric field outside the region containing a set of 

sources, we find as a result the well-known expression for 

calculating the electric field as a sum over vector modes. 

This equation underlies all of spherical near-field scanning. 

3. Calculation of Modal Coefficients from 

the Source Distribution 

In his Appendix A1.5, Hansen shows how one may 

utilize the reciprocity theorem to obtain from the current 

distribution(s) an expression for the expansion coefficients, 

Qsmn.  [6]   The result is  
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Note that this is a spatial integral over a spherical volume.  

It is identical in form to equation (11a) above of Collin, but 

with the wave function normalization of Hansen for 

spherical near-field theory.  If one knows the mathematical 

form of the prescribed current distribution(s), then the 

expansion coefficients may be computed from this equation.  

Interpretation of this equation may be pursued from 

knowledge of the form of the two types of vector wave 

functions that are used in the expansion.  From Hansen, 

Appendix A1.3, these spherical wave functions are 

exhibited below as equations (15) and (16); they are simply 

the Stratton wave functions, made into complex functions 

by allowing m to take on both positive and negative values 

and renormalized in a manor unique to Hansen for spherical 

near-field theory.  
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The first s=1 set of these wave functions corresponds to the 

set of TE-type ( HE
��

, )-waves such as those for a magnetic 

dipole.  The second s=2 set of these wave functions 

corresponds to the TM-type ( HE
��

, )-waves such as those for 

an electric dipole.  
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Here )(cosθ
m

nP is the associated Legendre polynomial of 

order n and degree m; )(
)(

krz
c

n
is the spherical Bessel 

function of order n and of type (c) where c=1,2 for the 

Bessel- and Neumann- types and c=3,4 for the Hankel- 

types.  Hansen employs the 
ti

e
ω−

 time convention. 

4. Calculation of the Source Distribution 

from Modal Coefficients 

It turns out that what we are looking for is actually the 

inverse of the result obtained in the previous section.  



Rather than wanting to be able to compute the far electric 

field from prescribed sources, we instead want to determine 

the strengths and locations of the sources from the far 

electric field.  The key to solving the problem of how to go 

about doing this is contained in one of the Appendices of 

Hansen's book on spherical near-field scanning. 

A special case of these wave functions giving their 

values at the origin where r=0 is exhibited by Hansen which 

we reproduce here: 
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Another aspect of the behaviour of the spherical vector 

wave functions, for other than the dipole modes -- i.e. n not 

equal to 1, -- is their zero value at the origin: 
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It is important to note that in general the radial 

dependencies of the transverse components of the two types 

of vector wave function take one of two different forms: 

For s=1,  
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Interpretation of the integral expression for smnQ , equation 

(14) depends on the behaviour of the two radial functions 

above as they participate in forming the integrals in 

equation (14).  Therefore we next examine the behaviour of 

these radial functions. 

There is a special function -- the Riccati-Bessel function 

-- )(ˆ krJ that is closely related to the spherical Bessel 

functions which is defined as   

)()(ˆ xxzkrZ n≡   ,                             (22) 

where zn(x) is any of the four usual spherical Bessel 

functions. [7]  For the case of the Bessel function that is 

finite at the origin,  

)()(ˆ xxjxJ n≡          .                           (23) 

Plots of the low order spherical Bessel and Riccati-

Bessel functions can be found in the literature. [7]  Both 

radial functions are oscillatory; with maximum values of 

approximately unity, and except for the special case of the 

spherical Bessel function )(0 xj , both have values of zero 

at the origin for all n greater than or equal to 1. The special 

case of n=0, yields a spherical Bessel function that is 

unique because of its value 1)0(0 ==xj . 

For the vector spherical wave functions, the lowest order 

mode corresponds to n=1; and therefore the case of n=0 can 

be disregarded in identifying the vector spherical modes. 

Direct evaluation of the integrals in equation (14) to 

obtain the smnQ  is difficult in general.  One may gain some 

insight into the trend as n increases toward larger and larger 

values by examining the behaviour of the radial functions 

(20) and (21).  In cases where the current sources are 

concentrated near the origin of the coordinate system, one 

generally expects the smnQ to decay versus n.  In cases 

where the current sources are strongest at some distance 

from the origin, one generally would expect the smnQ  to 

peak once the maxima of the radial functions approach the 

region of strength.  Looking at this behaviour in such detail 

must remain the subject of another study.  Instead we 

proceed with an heuristic alternative. 

Continuing to pursue the question of how to evaluate 

equation (14) , we proceed to make an approximation that 

utilizes the average current density over the volume V: 
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We now define an effective current  which concentrates the 

average value at the origin  
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With this definition the average value of )(rJ Eff �
�

 is the 

same as that expressed by equation (24). 

Continuing to evaluate equation (14) we choose to 

neglect the possibility of magnetic sources being used in the 

modeling and rewrite (14) as follows with the help of (25) 
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Equation (26) evaluates to zero except when s=2, n=1; there 

are only three non-zero coefficients Qsmn, corresponding to 

m= -1, 0, +1. 

From Hansen's Appendix, A1.5, equation (18) above which 

is expressed in spherical coordinates may also be expressed 

in Cartesian coordinates: 
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Thus the only non-zero coefficients, for s=2; n=1, and  

m= -1,  0, +1. 
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These equations can be inverted to yield the average current 

values associated with the particular coordinate origin.  In 

general they are a function of the particular origin which is 

varied by the use of the IsoFilter
TM

 translation, so they 

need to be written as functionally dependent upon the 

location of the coordinate origin:  
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The  IsoFilter
TM

 rejection curve is generated by plotting 

the normalized total power in the dipole modes as a 

function of the position of the coordinate origin within the 

region just outside the current distribution. 
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The normalization would usually be taken at the maximum 

value, often at the first location of the origin 0=Isor
�

.   

5. Summary   

We now have the result expressed as equation (30) that we 

are seeking.  The total power in the lowest order [dipole] 

mode expressed as a function of the IsoFilter
TM

 translation 

parameter.  This is the equation that led to the IsoFilter
TM

 

rejection curves displayed in blue in Figure A6 for the 

lowest modal order of n=1.  When more spherical modal 

orders are included, the remaining curves displayed in Fig 

A6 result.  Thus a theoretical basis of the rejection curve 

has been derived. 
H-Plane IsoFilter™ Rejection of Measured Horn Data

-50

-45

-40

-35

-30

-25

-20

-15

-10

-5

0

0 2 4 6 8 10 12

Distance From Horn Center to Filter-Sphere Center (Wavelengths)

T
o

ta
l 
P

o
w

e
r 

R
e
p

o
rt

e
d

 I
n

 F
il
te

r 
S

p
h

e
re

1 mode

2 modes

3 modes

4 modes

5 modes

 

REFERENCES 

[1] D.W.Hess & S.McBride, Evaluation of IsoFilter™ Fidelity in 

Selected Applications, AMTA Symposium Digest, pp. 289-295, 

Boston, MA, 2008. 

[2] C.A.  Balanis, Antenna Theory, 3rd Ed., Wiley-Interscience, 

Hoboken, N.J., 2005. 

[3] J.D. Jackson, Classical Electrodynamics, John Wiley & Sons, 

New York, N.Y.  1999. 

[4] C.T. Tai, Dyadic Green Functions in Electromagnetic Theory, 

2nd Ed., IEEE Press, Piscataway, N.J., 1994. 

[5] R.E. Collin, Dyadic Green's Function Expansions in Spherical 

Coordinates, Electromagnetics, Vol.6, No.3, pp. 183-207, 1986. 

[6] J.E. Hansen, Editor, Spherical Near-Field Antenna 

Measurements, Peter Peregrinus, Ltd., London, U.K., 1988. 

[7] S. Zhang & J. Jin, Computation of Special Functions, John 

Wiley & Sons, New York, N.Y.  1996. 

Appendix A.  

Example of IsoFilter rejection Curve 

Here we start with a small antenna at the origin, then 

apply a succession of IsoFilterTM spheres whose centers 

progress along a coordinate axis.  Once the filtering sphere 

no longer contains any radiating sources, any reported 

signal represents interference that would add to the desired 

signal from an antenna located inside the filtering sphere.  

This approach was taken using measured data.   

We demonstrate with measured data an empirical 

procedure by which we may quantify the degree of 

rejection offered by the IsoFilter™ method.  Recall first the 

configuration of the spherical near-field range on which the 

measurements for demonstrating IsoFilter™ were taken.  It 

consisted of a roll-over-azimuth positioner with a fixed 



probe antenna.  The pyramidal horn antenna was mounted 

above a ground plane, offset by 6 in along the roll axis.  

The roll and azimuth axes crossed at a point that lay 

precisely upon the ground plane surface.  Please see Figure 

A1 for a photograph of the setup, where the horn is centered 

above the ground plane on the roll axis.  The ground plane 

was covered by a panel of absorber to form a measurement 

configuration we refer to as the “bare horn” configuration, 

shown in Figure A2.   

It was demonstrated earlier that the IsoFilter™ technique 

provided a pattern measurement result of the horn above the 

ground plane that agreed well with the measured pattern of 

the bare horn.  We use the bare horn pattern data taken 

earlier as the basis for ascertaining a quantitative measure 

of the degree of rejection provided by IsoFilter™. 

 

Figure A1. Photograph of Spherical Near-Field Positioner for 

Measurement of an Antenna Above a Ground Plane  

Figure A2.- Photograph of the Configuration for Measurements of the 

Bare Pyramidal Horn Antenna 

A spherical isometric plot showing the measured forward 

hemisphere is provided in Figure A3. 

 

Figure A3. Spherical Isometric Plot of Forward Hemisphere of Bare 

Pyramidal Horn 

After translating to the center of the aperture of the horn, 

the spherical modal distribution occupies modal bins that 

extend only up to modal order n = 5, for a 30 dB dynamic 

range as shown in the tabulation exhibited in Figure A4.  

Figure A5 below illustrates the process we used to 

determine the IsoFilter™ rejection curve for the measured 

horn data.  The IsoFilter™ sphere was translated along the 

X axis from 0" to 18" in 0.1" steps. 

For translations large enough that the horn is no longer 

contained in the IsoFilter™ sphere, the desired transform 

output should contain zero power.  Any power reported in 

those outer spheres therefore represents imperfect rejection.  

If there were an AUT contained in a particular IsoFilter™    

Figure A4. Summary Tabulation of Accumulated Power in Spherical 

Modes for Bare Horn with Origin Centered at Aperture 

  

Figure A5.  Locus of Points Where IsoFilter™ Rejection Was Evaluated 

sphere, then the signal returned by this procedure represents 

The sequence of translations corresponded to points along 

the x-axis of the measurement coordinate system, which 

lies in the H-plane of the horn.  The data were measured at 

8.0 GHz, so the 0-18" translations corresponded to 

approximately 0-12.2 wavelengths.  This is to be compared 

to the 3 inch − i.e. 1½ wavelength − lateral dimension of the 

H-plane of the pyramidal horn.  

The IsoFilter™ technique was applied over and over in 

steps of 0.1", and the level of the accumulated power in 

spherical modes corresponding to modal orders 1 through 5 

was plotted as a function of translation distance.  The result 

is shown in Figure A6.  

H-Plane IsoFilter™ Rejection of Measured Horn Data
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Figure A6.  IsoFilter™ Rejection of Measured Horn Along x-Axis.  Plot 

of Normalized Total Power versus Radial Distance of Filter Sphere from 

Center 


